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PREFACE 

The  presentation  of  the  theory  of  Cliffdrd  numbers  and 
spinors  given  here  has  grown  out  of  thirteen  lectures  delivered 
at  the  Institute  for  Fluid  Dynamics  and  Applied  Mathematics  of 
the  University  of  Maryland.   The  work  is  divided  into  six 
chapters  which,  for  the  convenience  of  those  readers  who  are 
only  interested  in  certain  parts  of  the  material  treated,  are 
largely  independent  of  each  other.  This  arrangement  has,  of 
course,  certain  disadvantages  such  as  repetitions  and  over- 
lappings  . 

Only  Clifford  algehras  over  either  the  real  or  the 
complex  field  are  considered. 

Chapter  I  is  mainly  algebraic.  In  the  first  half  we 

give  the  main  features  of  Clifford  algebras  associated  with  an 

arbitrary  metric,  regular  or  singular.  The  connection 

between  Clifford  algebras  and  tensor  algebras,  in  particular  between 

Clifford  numbers  and  skew  symmetric  tensors,  is  treated  very 

thoroughly.  The  second  half  of  this  chapter,  beginning  with 

section  1.12   is  considerably  more  difficult  than  the  first 

one.  However,  it  is  not  needed  for  the  understanding  of 

later  chapters.  Sections  1.12-1.17   carry  out  some  beautiful 

ideas  of  Chevalley  in  a  slightly  modified  way.  We  treat 
0 

derivations  in  graded  algebras  and  obtain  a  representation  of 

a  Clifford  algebra  as  the  quotient  algebra  of  a  tensor  algebra 

modulo  a  certain  ideal.  In  sections  1.18-1.19  we  show  how 

derivations  lead  to  interesting  results  also  in  Clifford 
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algebras,  in  spite  of  the  fact  that  such  an  algebra  is  not 
graded. 

Chapter  II  is  entirely  geometrical.   It  originates  from 
Hamilton's  idea  to  obtain  a  rotation  by  means  of  two  reflections. 
This  leads  to  the  E.  Cartan-Dieudonne  theorem  telling  that  every 
isometry  can  be  obtained  by  means  of  successive  reflections. 
The  geometrical  operations  in  question  can  in  an  efficient 
and  elegant  vay  be  expressed  in  the  language  of  Clifford  algebra. 
We  thus  come  in  contact  with  the  spinor  representation  of 
isome  tries . 

The  main  object  of  Chapter  III  is  the  canonical 
decomposition  of  a  given  isometry  in  a  space  over  the  real  field 
and  with  a  metric  of  Euclidean  or  Lorentz  signature.  However, 
this  chapter  contains  a  general  introduction  about  minimal  poly- 
nomials of  linear  transformations,  decomposition  of  a  space 
into  subspaces  corresponding  to  relatively  prime  factors  of  the 
minimal  polynomial,  orthogonal  complement,  radical  etc.   Among 
the  possible  isometries  of  a  space  with  Lorentz  signature  the 
often  neglected  or  forgotten  parabolic  rotations  are  carefully 
treated.  Clifford  algebras  are  entirely  missing  in  this  chapter. 

Chapter  IV  begins  by  the  theory  of  infinitesimal  isometries. 
These  are  those  linear  transformations  which  are  skew-symmetric 
with  respect  to  the  metric  in  question.  In  the  Lorentz  case 
special  attention  is  paid  to  the  parabolic  infinitesimal 
isometries.  In  section  4.11  the  Clifford  algebras  reappear 
due  to  the  connection  between  skew-asymmetric  transformation  and 
Clifford  bivectors.  It  is  shown  that  in  the  case  of  a  real  field 
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and  a  metric  with  Euclidean  or  Lorentz  signature  every  isometary 
connected  with  the  identity  can  be  expressed  "by  the  exponentials 
of  a  single  infinitesimal  isometry  or  a  single  Clifford  bivector. 
It  is  also  shown  that  this  property  is  not  shared  by  any  other 
signature.   In  section  k.l6  we  briefly  consider  the  Lie 
algebras  formed  by  Clifford  bivectors  or  by  bivectors  and  vectors. 
In  section  4.17  we  write  Maxwell's  equations  in  Clifford 
notations.   We  also  interpret  the  Lorentz  force  (ponderomotive 
force)  as  a  local  infinitesimal  isometry  and  show  that  in  the 
case  of  a  plane  wave  the  four-velocity  of  a  moving  charge  is 
subjected  to  infinitesimal  parabolic  rotations. 

Chapter  V   treats  some  special  features  of  four  dimensional 
real  Lorentz  space,  i.e.,  the  space-time  of  special  relativity. 
We  deal  largely  with  properties  which  neither  belong  to  any 
Lorentz  space  of  some  other  dimension,  nor  to  a  space  of  some 
other  signature  and  of  any  dimension.  The  direct  sum  of  the 
field  of  the  real  numbers  and  of  the  space  of  real  pseudoscalars 
forms  a  field,  isomorphic  with  the  field  of  the  complex  numbers. 
Over  this  field  we  construct  a  geometry  whose  elements  are 
pencils  of  bivectors.   We  also  tell  some  interesting  things  about 
the  Maxwell-Minkowski  stress-energy  tensor. 

Chapter  VI   gives  a  short  introduction  into  the  theory 
of  spinors.   Applications  of  this  theory  to  the  Dirac  equation 
are  also  given. 
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I  should  like  to  express  my  gratitude  to  my  friend 
John  Horvath  for  the  invaluable  help  he  has  given  me  in  the 
endeavor  to  work  out  these  enlarged  Lecture  Notes.  Chapter  II 
and  the  Appendix  to  Chapter  IV  are  edited  by  him.   His  mastery 
of  modern  theories  has  helped  me  to  overcome  many  obstacles. 
Without  his  energy  and  his  enthusiasm  the  task  would  have  been 
abandoned  at  an  early  stage. 

My  thanks  are  also  due  to  several  colleagues,  in 
particular  to  Dr.  Martin  Pearl,  for  the  kindness  they  showed  to 
me  in  revising  and  correcting  my  English. 
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Chapter  I 
Clifford  Mumbers 

1,1  We  are  going  to  construct  associative  but  not 

commutative  algebras  over  the  real  or  the  complex  field.  A 

natural  approach  to  Clifford  numbers  arises  from  the  following 

problem  to  write  the  quadratic  form  2—i   x?  as  tlle  square  of  the 

n  i=l 

linear  expression   ^  x.e.,  that  is 

i=l 

(1.1.1)  (  £  ¥i)2=^  x2±. 

i=l       i=l 

The  same  problem  arises  in  the  relativistic  quantum  mechanics 
of  the  electron  in  a  slightly  different  form.   For  the  moment 
let  us  replace  the  wave  operator  by  the  closely  related  Laplace 
operator 


A=Z 


n 


i  =  l 


^xf 


in  the  statement  of  the  problem.  We  want  to  find  a  differential 
n 


operator  ^  e.  — -   of  the  first  order  such  that 
i-1    2  Xi 


n 


i=l  °  xi 

Calculating  the  left  hand  side  of  (l.l.l)  formally  and 
using  the  distributive  rule,  we  obtain 
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Ex.  e.  +•  V  x.x.(e.e.  te.e,). 

i=l       i<l 
It  follows  that  (l.l.l)  will  be  satisfied  if 
(1.1.2)      e^=l,  e  e  -f-e  e  =0  for  i  4s  j, 

or  equivalently  if 

d.i.3)  Vj  +  Vi-^u' 

where  o  .  .  is  the  Kronecker  symbol  defined  by  6      ~1,  o.  .  =  0 

if  i=£j. 

n  n 

Now  let  x  =  V  x.e.and  y  =^  y.e.   be  two  vectors 

i=l  i  1 

expressed  in  terms  of  a  given  basis  e1,e2, . ..,  e  of  orthogonal 

unit  vectors  in  an  n-dimensional  Euclidean  space.  We  write  the 

JSuclidean  scalar  square  (x  I  x)  and  the  scalar  product  (x  I  y) 

n  n 

(x  I  x)=2^x|  ,  (x  i  y)=2I  *±  y±> 

i=l  i=l 

Identifying  the  basis  vectors  ej;  vith  the  symbols  ei  in  (l.l.l), 
we  may  write 

(1.1.4)  x2  =  (x  |  x). 

Clearly  this  equation  alone  completely  replaces  the  detailed 

relations  (1.1.2)  or  (1.1.3). 

The  preceding  problem  can  immediately  be  generalized. 

Consider  an  n-dimensional  vector  space  E  with  a  general  metric 

form  (scalar  product)  defined  by 

n 

(1.1.5)  (x  I  y)=  21  S-m  x4y,> 

i,J  =  l   J    J 


-  7  - 


where  g^j  =  gj£.   If  &±^  =  ^±^   we  are  in  tne  Suclidean  case 
considered  above.   If  we  put  g„  =  1,  g. .  =  -  1  for  i  =2,...,  n  and 
g..  =  0  for  i  =/=  j,  we  obtain  the  so-called  Lorentz  metric,  which 
will  be  of  fundamental  importance  in  these  Lectures  and  which 
defines  for  n  =  4  the  space-time  of  special  relativity. 
Another  interesting,  though  highly  degenerate  case  is  when  all 
g.y  are  zero.  This  case  yields  the  Grassmann  algebra  or  exterior 
algebra. 

We  again  ask  for  a  rule  which  yields  (1.1.4),  where  the 
right  hand  side  is  to  be  interpreted  according  to  (1.1. 5)  and 
obtain  this  time  the  relations 

(1.1.6)  eie.  +  e,  e^.  =  2B±y 

which  obviously  generalize  (1.1.3). 

From  x  =  (x  I  x)  we  infer  the  polarized  form  of  (1.1.% 
namely 

(1.1.7)  (xl  y)  =  i   (xy  +  yx). 

Indeed  since  (1.1.4)  holds  for  any  vector,  we  have 

2 
(x  +  y  I  x  +-  y)  =  (x  +  y)  } 

or,   using  the  relation  (x  I  y)   =•  (y   I   x), 

2  2 

(x  |  x)    ■+■  2(x  |  y)    +-  (y   I    y)    =  x    -f-  xy  +  yx    +   y   . 

Subtracting  and  recalling  that  (x  I  x)  =  x  ,   (y  J  y)  =  y  ,  we  obtain 

(1.1.7).  Two  vectors  x  and  y  are  said  to  be  orthogonal   if 

(x  I  y)  =  0.   It  follows  from  (1.1.7)  that  if  x  and  y  are 

orthogonal  then  xy  ■+-  yx  =0.   This  last  relation  is  expressed 
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by  saying  that  x  and  y  anticommute . 

We  are  thus  led  to  an  algebra  C  generated  by  the  basis 
elements  e,,  e2, .  ..,e  of  the  vector  space  E.  This  algebra 
contains  all  the  products  of  such  basis  elements  and  also  all 
the  linear  combinations  of  such  products.  The  product  of  two 
of  these  linear  combinations  is  defined  by  distribuuivity. 
Since  the  square  of  every  vector  is  a  scalar,  this  algebra 
necessarily  contains  all  the  scalars,  except  in  the  Grassmann 
case,  where  they  are  included  by  definition.  The  scalars  are 
assumed  to  commute  with  every  element  of  C.  The  multiplication 
in  C  is  not  commutative,  but  as  we  show  later  it  is  associative. 
The  algebra  C  is  called  the  Clifford  algebra  associated  with  the 
metric  (1.1.5).  The  elements  of  C  are  called  Clifford  numbers. 

1«2.  Until  section  1.7  we  consider  a  metric  form  (1.1.5) 
for  which  R^j^O  for  1^  i^n  and  g.  .  =  0  for  i^=.j.  In  this 
case  every  element  e^  possesses  an  inverse  in  C,  namely  the 
the  element  e^  =  g^  e^ .  Furthermore  two  different  e.  are 
orthogonal  to  each  other  and  thus  anticommute ,  i.e. 

(1.2.1)  eiej+etjei    =  °>         i  ^  J- 

It  follows  from  (1.2.1)   that  if  we  want  to  obtain  a  basis 
of  the  algebra  C,   it  is  enough  to  consider  among  all  the  products 
e-^e-j     of  two  basis  vectors  only  those  for  which  i   <    j.       More 

generally,   if  we  have  a  product  of  the  form     ea  e     ...  e       , 
where  the  yft  are  distinct   (1^/3   ^  n),   then  we  clearly  have 


<r 


q  r>    e  i~,  •  •  •   e 


/W  >p"v        "i 


=  (-  l)     e  .      e^    ...  e   ,    , 

2  P 
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where  1  ^  <X    <  c<     <  . .  .<  o(    <  n  and  <T   is  the  number  of 
12        P 

inversions  in  the  permutation  ( /3  >  f3    , . . . ,  /3   )  of  (c<  ^  o<      o<  ) 
Thus  for  example  e^e^e^e^  =  -  e,e,_ere-,=e,e>  e.e.  =  -  e-.e^e-.e^e-.e-.e,  e-  . 

Finally,  if  the  same  "basis  element  e  occurs  repeatedly  in  a  product 

then,  after  ordering  the  factors  according  to  increasing  indices, 

2 
e^  will  appear  at  most  to  the  first  power  since  e.  is  a  scalar. 

It  follows  in  particular  that  every  product  can  be  reduced  to  one 

containing  ^  n  factors. 

We  have  thus  shown  that  the  products 

(1.2.2)     e     e^  ...  e^ 

1      2    ■   P 

with  1^<X  <  cX  <  .  ..<<*  ^n,  0.  4  p  ^  n,  if  proved  linearly 
independent,  form  a  basis  for  the  algebra  C.  We  state  here  once 
for  all  that  among  the  products  (1.2.2)  the  empty  product,  which 
stands  for  the  element  1,  is  always  included.   We  shall  show  the 
linear  independence  in  section  l.k. 

We  shall  usually  denote  a  system  {c<  ,  ex  ,...,£<  j  with 

l4o(  <  o(  <. .  .<©(_.<  n,  0  ^  p  <  n  by  a  capital  letter,  say  A,  and 
12      p 

the  corresponding  product  (1.2.2)  will  be  abbreviated  by  e  .   If 
P  =*0,  the  product  is  empty  and  denotes  the  scalar  1. 

1.3.  It  will  be  sufficient  to  prove  the  associativity  of  the 
multiplication  in  C  for  the  Euclidean  case.  By  what  precedes, 
it  is  enough  to  show  that  eA(e_  e_)  =  (e.  e_.)  e„  for  all  elements 

A   J3   0       A   J3    o 

of  the  system  {e  }  just  constructed. 

With  a  slight  change  of  notation,  let  us  write 
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Si   *2      f» 

E  „   /->      /i   =  e  e   . . .  e   , 

?1,  ?2,...,5n     !  2 


where  the  <?.  are  taken  modulo  2.  With  this  notation,  the 
multiplication  of  two  such  elements  can  obviously  be  written 


i  >  J 

s<?  <?     E<r  cr         (~  Eo  +  <r  o    +  <r   • 

7l,...,3n        1,...,     n  Jl         l,...j  Jn  n 

Now     E/i  n    (S/r  cr     2  T  'r-  )   is  easily  seen  to 

}l,...,}n     ul,...,un        1,...,  tn 

he 

y   <?  r  t    7  (?r    +Z  rJ. 

,        .1  >  j  i  >  J  I>J 

Jl         1       1, . .  .^n    n      n 

from  which  the  associativity  clearly  follows. 

1.4.  We  shall  Drove  in  this  section  that  the  system  e 

A 

constructed  in  1.2  is  linearly  independent. 

If  e     =    e_     e     . ..  e^        is  an  element  of  this  system,     we 
A  12  P 

q 

have  e  e.  =(-  1)  eA  e  with  q=p  or  q  =  p  -  1,  according  as  j   is 

different  from  all  the  <X  or  j  —  cK       for  some  i.   This  shows 

i  i 

that,  when  p  is  even,   e  anticommutes  with  every  e  #  such  that 

A  j 

e .     is  one  of  the     e^      and  commutes  with  every     e ,     which  is 

different  from  all  the     e^    ,  while,    if    p     is  odd,   the  situation  is 

the  reversed. 

It  follows  that  to  every  product     e.SSQQ/    eQ     ...   e         with 

12  P 

p  ^1  there  exists  a  basis  vector  e  m     which  anticommutes  with  e  , 

«3      ------ ~       A 
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except  when  the  dimension  n  of  E  is  odd  and  e  is  the 

£ A  

"pseudoscalar"  e,  ep...  e 

We  are  now  in  the  position  to  prove  the  independence  of 
the  elements  e..   Suppose  first  that  n  is  even.   Consider  a 
linear  relation 

(1.4.1)  L  c  e   =0 

A    A  A 

among  the  elements  e.,  where  the  coefficients  c   are  scalars. 

We  want  to  show  that  all  c  =0.  Suppose  there  exists  a  c  =j=   0, 

A  A 

then  multiplying  (1.4,1)  by  c"  e~   =  c~  e~   . . .  e~   , 

A    A         A      ti  t 

we  obtain 

(1.4.2)  1  +■  Z   CB  eB  =°- 

B 

If  (1.4.1)  contained  the  single  term  cA  e.  ,  we  have  already  the 

contradiction  1  =  0.  If  not,  we  shall  arrive  at  the  same 

contradiction  by  a  reduction  process.  Suppose  that  there  is  a 

c   =£  0.   We  know  that  there  exists  a  vector  e   which  anti- 

commutes  with  e  .   Multiplying  (1.4.2)  by  e.  from  the  left  and 

Bo  J 

by  e.  from  the  right  we  obtain 

-B 

Adding  (1.4.2)  and  (1.4.3)  and  dividing  the  sum  by  2,  we  obtain 
the  relation 

(1.4.4)     1+  H  4  cB(eB  +  e^e"1)  =  0. 

B 

Since  e  .e^e  .  =±e,,,  this  expression  is  of  the  same  form  as  (1.4.2), 
but  contains  at  least  one  term  less  with  nonvanishing  coefficient, 
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since  e.e^  e.   =  -e,,  and  all  the  terms  with  zero-coefficient 

in  (l.4.2)will  also  have  zero  coefficient  in  (1.4.4).  By 

iterating  this  operation  we  arrive  after  a  finite  number  of 

steps  at  the  desired  contradiction  1=0. 

If  now  n  is  odd.  then,  as  shown  above,  there  exists  no  e  . 
*  J 

which  anticommutes  with  the  pseudoscalar  e,e~...  e  .  Thus,  in 

1  2     n      ' 

this  case,  the  ahove  construction  leads  either  to  1  =  0  or  to 
(1.4.5)     1+  /3  e^g...  en=0. 

We  shall  show  that  this  last  relation  is  also  impossible.  Consider 

the  automorphism  of  C  defined  by  e.  — >  -e.  for  1  4  ±  4    n.  Since 

(-e.)  (-e. )  ■+■  (-e .)  (-e.)  =  2g  .,  all  relations  in  C  hold  also 
i     i       J     J       ■^■j 

if  we  replace  every  e.  by  -e..   In  particular  we  have  from  (1.4.5) 

l+-/3(-ei)  (-e2)...  (-en)  =  0, 
and  since  n  is  odd 

e,e^...  e  =0. 


(1.4.6)      1  -  ^e±e2 


n 


Adding  (1.4.5)  and  (1.4.6),  we  arrive  at  the  contradiction  2=0. 

n 

We  have  thus  proved  that  the  2  products 

(1.4.7)     e   =•  e  t    e  ^  ...  e  . 

12      P 

with  14  cX     <  (X     <...<o(^n,     O^p^n,   form  a  basis  of  the 
12  P 

algebra  C,  whose  dimension  over  the  field  of  scalars  is  hereby 


p  =  0 


/  n  \ 
If  for  a  fixed  p  we  call  C   the  (   ) -dimensional  sub- 


space  of  C  spanned  by  the  products  (1.4.7)  with  exactly  p 
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factors,  then  C  is  the  direct  sum  of  the  subspaces  CL 


We 


identify  C    with  the  field  of  scalars  and  C  with  the  vector 
°  1 

space  E.   The  subspace  C  has  dimension  1  and  its  elements  are 
called  pseudoscalars.    If  we  set 

c+=  Z  Cp,   c.  =   £.  cp, 

p  even  p  odd 

then  C  is  the  direct  sum  of  the  two  subspaces  C+  and  C_^  each  of 
dimension  2     .   Furthermore  C  is  a  subalgebra  of  C  and  we 
have  the  relations 

(1.4.8)  c+c+cc+,  c_c_cc+,  c4.c_cc_,  c_  c+cc_. 

The  elements  of  C+  will  be  called  even,  those  of  C_  will  be 
called  odd. 

We  introduce  an  important  automorphism  J  of  C  called 
the  main  involution,  lightly  touched  upon  already  above.  For 
u  e  C-o  we  put   j(u)  —  (-  l)  u  and  extend  J  to  C  by  linearity. 

By  (1.4.8)  we  have   J(uv)  =  J  (u)  J(v),  that  is  J   is  indeed 

2 
an  automorphism.   Furthermore   J   is  the  identity,  which  accounts 

for  the  name  of  J  . 

We  also  introduce  an  antiautomorphism   c  — >  c   of  C  called 

the  reversion  or  the  main  antiautomorphism.   This  is  defined 

■ii  — ■m.M  ■  i  ■■   —  ■  ■  ■   i  —  ■  ,—  i.i,,.  i.  i— i.    ■  ■■■^i      Tin  ■  .i.iii— i*. 

by  writing  eA  =  e    e^    ...  e  ,  for  the  elements  (1.4.7) 
A     ^p  <*p-l     *1 

and  extending  the  definition  by  c  =Ec  e  — >  c  —  ^ca  ®a  •  With- 

A  A  A  A 

out  reference  to  the  basis,  the  reversion  can  be  defined  as  a 
linear  transformation  of  C  into  itself  which  leaves  every  scalar 
and  every  vector  invariant  and  satifies  (cd)  =  dc.   Noting  that 

ip  Cp-i) 

1  +  2-h  ...  -H(p-l)  =_i  p(p-l)  we  find  u=(-l)        u  if  u6C  . 
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Written  out  in  detail,  this  means  that  u  =  u,  if  p  =.  0,1 
(mod  k)   and  u  =  -u,  if  p  s  2,3  (mod  k) . 

1.5.  We  now  turn  our  attention  to  the  structure  of  the 
algebra  C.  We  recall  that  the  center  of  an  algebra  Jl  is  the 
subalgebra  2  consisting  of  those  elements  of  A  which  commute 
with  all  elements  of  Jl. 

Let  us  first  suppose  that  the  dimension  n  of  E  is  even. 
We  prove  that  in  this  case  the  center  Z  of  C  reduces  to  the 
scalar s  CQ  .   Indeed,  the  scalar s  commute  with  every  element  of 
C.  Conversely,  let  c  =  /Lc.  e.  belong  to  Z  and  suppose  that 
there  exists  a  non  zero  coefficient,  say  CB,  with  non  empty  B. 

We  know  that  there  exists  an  e.  which  anticommutes  with  e^.  It 

0  u 

follows  that  c  »  e.  c  e~  "Sc.e.e.e]  =  2  — c.e.,  where  in 

J    j      A  j  A  j        A  A' 

particular  the  minus  sign  has  to  be  taken  in  the  term  corresponding 
to  A  =  B.  Thus  c  would  have  two  different  expressions  in  terms  of 
the  basis  e  in  contradiction  to  the  linear  independence  of  the  e  . 

If  n  is  odd,  then  we  can  see  in  an  entirely  analogous 
manner  that  the  center  of  C  is  C  +  C  ,  that  is  the  subalgebra 
formed  by  all  elements  of  the  form  (X  ■+■  /3e,ep. ..  e  • 

Next  let  us  recall  that  a  two-sided  ideal   I  of  an 
algebra  Ji  with  a  unit  element  is  a  subset  of  Jl  having  the 
following  properties: 

(I)  a  e  I  and  b  e  I  imply  a  ±  b  e  I, 

(II)  a  €  I  and  c  G  oft  imply  ac  el  and  ca  £  I. 

These  two  properties  can  also  be  stated  in  the  following  equivalent 
form: 
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(l»)   I  ±  I  c  I, 

(II')  Ai   ci,  zAc:  i. 

Obviously  an  ideal  is  also  a  subalgebra  of  A.     The  subset  of  A 
composed  of  the  single  element  0  is  a  tvo-sided  ideal;  it  is 
denoted  "by  (0)  and  is  called  the  zero  ideal.  The  whole  algebra 
jftalso  forms  a  two-sided  ideal.  Since  this  ideal  is  generated 
by  the  unit  element,  it  is  denoted  by  (l)  and  is  called  the  unit 
ideal .   Any  ideal  different  from  (0)  and  (l)  is  called  a  proper 
ideal. 

Let  us  now  return  to  the  Clifford  algebras  C  and  let  us 
first  assume  that  n  —  2v  is  even.  Then  the  only  two-sided 
ideals  in  C  are  (0)  and  (l).  This  is  expressed  by  saying  that 
the  algebra  C  is  simple.  To  prove  this,  let  I  be  a  two-sided 

ideal  in  C,  different  from  (0).  Then  I  contains  a  non  zero 

t-  -1  -1  / 

element   2_.  cAeA.   Multiplying  by  a  c^  e_.  such  that  C_  7=  0, 

A  A  Jti   Ji  x> 

A 

we  obtain  from  (II)  an  element  of  the  form  1  ■+■  ]>\  cAe.  contained 
in  I.   Now  the  same  reduction  can  be  undertaken  which  yielded 
in  lA  the  proof  of  the  independence  of  the  basis  e  .   By  (I) 
and  (II)  every  step  again  yields  an  element  belonging  to  I. 
Hence  we  arrive  at  the  conclusion  that  1  €.   I,  which  means  that 
I  =  (1)  =  C. 

The  fact  that  C  is  simple,  has  an  important  consequence, 
which  we  only  state  for  the  case  of  complex  scalars.  It  is  a 
well  known  general  fact  that  a  simple  algebra  A   over  an 
algebraically  closed  field  is  isomorphic  to  a  total  matric 
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algebra  OTl    over  the  field,  that  is  to  an  algebra  consisting 
of  all  square  matrices  of  a  certain  order  m  whose  elements 

lie  in  the  field.  This  implies  that  the  dimension  of M  is 

p 

equal  to  the  square  of  an  integer,  namely  to  m  .  Applying  all 

this  to  the  present  case,  C  is  isomorphic  to  the  algebra  of  all 

v 

m  =  2     rowed  square  matrices  whose  elements  are  complex 

numbers;  we  give  a  direct  proof  of  this  in  chapter  VI.  In 
particular  if  n  —  4,  v  —  2,  then  m  =  2  =4,  that  is  m  =  n, 
just  a  coincidence. 

Next  we  pass  to  the  case  where  the  dimension  n  of 
E  =  C-    is  odd  and  consider  first  only  complex  scalars.  Let 
us  introduce  the  pseudoscalar 

*•    ~  &  e_e_.  •  •  e  , 
12     n 

where  £  is  determined  in  such  a  way  that 
(1.5-1)  P     =    1. 

Explicitly    we  have 

(i.5.2)       e=fi^  [s11s22-»«nnrl/2- 

In  the  present  case  the  above  reduction  only  shows  that 
if  I  =f  (0)  is  a  two-sided  ideal  C  C,  then  I  contains  some 
element  o<+  /3P,  where  the  scalars  CX}B    are  not  both  zero.  Now 

(ot  +  ^P)  (<*  -  /3P)  =  (<X-  AP)  (o<+/3PH<x2  -A2.    Hence  if 

°*  ^  ft    ,  then  o(-»-/3  P  has  an  inverse,  which  implies  that 

1  e  I.   Hence  I  -  (l)  -  C. 

2    2 
There  remains  the  possibility  c*  =  8  ,  that  is  I  contains 
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only  such  elements  c<  -*-  /3  p  which  are  scalar  multiples  of 
either  1  4-  P  or  1  -  P.   We  show  that  C  effectively 
contains  two  proper  two -sided  ideals  related  to  these  cases 
Let  us  define  the  two  elements 


E  =   1tP  ,    E   =-^ 


We  have  the  relations 

E^~  E^,  E?  =  E_,  E  E_  =  E_  E^^O, 

"T"      ~r  "t"  T" 

which  follow  from  (1.5. l).  These  relations  are  expressed  by 
saying  that  E^_  and  E_  are  mutually  annihilating  idempotents . 
Both  E ,  and  E_  belong  to  the  center  Z  of  C  that  is  they  are 
central  idempotents.   Hence  if  a  and  b  are  any  elements  of 
C,  then 

(aE+)   (bE_)  =  (ab)  (E+S_)   =  0,  etc. 

On  the  other  hand,  since 

E,  +  E    =1 


> 


if  we  write  for  any  a  €  C, 


a   =  a  E   .  a_  =  a  E_, 


then 


(1.5.3)     a  +  a_  =  a,     a  a_  =  0. 

The  sets     I  .    —   {  a  E     }   and     I_  =  {a  E_  }      ,  where  a  runs  over 
C,  form  two  sided  ideals  in  C,   since  E^and  E_  belong  to  Z.     An 

4-  ■+■        4- 

element    p       £    C  belongs  to  1^.  if     and  only  if    E+p   =p         or 

equivalently  if  E_  p*"  —  (l  -  E+)p4*=  0.   Indeed,  if  p^  e  I+, 
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then  p^=a  E+,  thus  E+ p  =  a  E+  =  a  E^p4*;  and  if  E  p"*"=- p4"  , 
then  by  definition  p"*"  e  l+.   Similarly  q"  e  I_  if  and  only 

if  E_  q  =  q~   or  equivalently  if  E  +  q"  =0.  Let  us  prove 
that  the  decompositon  (1.5-3)  of  a  into  an  element  of  I  and  an 

element  of  I_  is  unique.  Indeed  if  a  =p+q  ,  p  e  I»  q~  €  I_* 
thenE+a  =  E+p  +  E+  q"  =  E+p+=p4~  and  E_  a  =  E.p  +  E-  q-  =E_  q' 
=  q~,  and  thus  p  * a+,  q~  =  a_  .   Summing  up,  we  have  proved  the 
following  theorem: 

If  n  =  dim  C  is  odd  and  the  scalars  are  the  complex 
numbers ,  then  the  Clifford  algebra  is  the  direct  sum  of  two  mutually 
annihilating  two-sided  ideals  I+  and  I_.   These  ideals  are 
generated  by  two  mutually  annihilating  central  idempotents  E+  and  E_. 

In  particular  I_j_  is  a  subalgebra  of  C,  whose  unit  element  is 

E,,  and  I_  is  a  subalgebra  of  C,  whose  unit  element  is  E_.   We 

shall  now  prove  that  I+  and   I-  are  simple.   Let  us  first 

observe  that  the  elements  e^E^  generate  I+.   But  this  system 

of  generators  is  redundant  and  I .  is  already  spanned  by  those 

elements  eA  E  =  e^  e^  . . .  e^  E  ,  where 
A-r     ±      2      h 

(1.5.^)   1  4  (X  <  oc  <  ...  <<X   4  n  -  1, 

12  h 

that  is  where  e  does  not  enter  as  a  factor  in  e  A  (E  ,  itself  is 

n  A   +• 

included  among  these  elements,  corresponding  to  the  case  when  A 

is  empty  ).  Indeed  if  e-o  contains  e  as  a  factor,  then  e^P  =  /\e., 

°  n  x>       A 

where  A  ^  0  is  a  scalar  and  A  is  the  sequence  complementary  to  B 

with  respect  to  1,2,...,  n.   Hence,  eBP  =  ^eA>  vnere  e.  does  not 

2 
^  as  a  factor.  Thus  we  have  egE^  =eJP  E+  =  (eBP)(PE^)=AeA  E+, 

from  which  the  assertion  follows .   Similarly  I_  is  spanned  by  the 
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elements  e     E_,   -where  the  sequence  A  satisfies    (1.5.^).      Since 

_   -I 

the  number  of  such  elements  e   is  2     ,  it  follows  that 

A 

{e,2  J  is  a  basis  of  I^_  and  {e  n2-}  is  a  basis  of  I_. 

n     1 

In  particular  I,  and  I_  both  have  dimension  2 

Now  let  C  be  the  Clifford  algebra  built  on  the  (n  -  $- 

dimensional  vector  space  having  basis  e,,  e0,    . ..,  e  _ and 

n-l 

associated  with  the  quadratic  form  (x  I  y) —/   .  g .  .  x.  y..  Then 

i=l 

the  mapping  e.  — >  e.S^.  defines  an  isomorphism  of  C  onto  I  and 

e.  — =>e  S_  defines  an  isomorphism  of  C  onto  I_.   Since  n-l 

is  even,  we  know  that  C  is  simple,  and  it  follows  that  I _.  and 

I_  are  simple. 

We  have  thus  proved  that  when  n  is  odd,  the  algebra  C 
over  the  complex  field  of  scalars  is  the  direct  sum  of  two  simple 
algebras .  Hence  C  falls  into  the  category  of  the  so-called  semi- 
simple  algebras . 

If  the  field  of  scalars  is  the  real  numbers,  then  we  must 
distinguish  between  two  cases.   If  the  number  £  in  (1.5.2)  is 
real,  the  above  reasoning  can  be  carried  out  without  change  and 
we  obtain  exactly  the  same  conclusions  as  in  the  complex  case. 

If,  on  the  other  hand,£  is  imaginary, the  algebra  C  over 
the  real  numbers  is  simple.  By  what  precedes,  this  follows 
immediately  from  the  fact  that  now  1+  /3e  e  ...  e  has  an 

inverse  for  any  /3  since 

(H-^e^...   en)    (1  -  fie^e^..  e^) 
n(n-l) 


2  Z  2     2 


1  -y3    (-D  gllg22  ...  snn=i  -j3  £  si:Lg22  ... 


nn 
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is  never  zero. 

1.6.  We  shall  now  investigate  the  connection  "between  the 
Clifford  algebras  and  the  familiar  quaternions. 

As  is  well  known,  the  algebra  Q  of  the  quarter nions  over 
the  real  field  is  spanned  by  the  four  elements  1,  j,  k,  /, 
where  1  is  the  unit  element  of  Q  and  the  other  three  elements 
satisfy  the  relations 

(1.6.1)  j2  =  k2  «  /2  =  -1, 

(1.6.2)  jk  »-kj  =t,   k/  «  -  /k  -  j,  /j  -  -j^  =  k, 

(1.6.3)  jk/«-l. 

It  is  worth  while  mentioning  that  any  two  of  these  systems  of 
relations  implies  the  third  one. 

Consider  now  the  real  Clifford  algebra  C  associated  with 
the  Euclidean  metric  and  corresponding  to  the  case  n  =3«   Then 

C  is  of  dimension  2=8  and  its  subalgebra  C+.  spanned  by  the 

o 

elements  1,    e,e2,   e^e-,   eVn    is  of  cL*106113*011  2    =  ^«       The 

correspondences 

(1.6.4)  1  <->  1,  j  <-»  e^egj  k  ^-^e-^eo,  I  <—>   e2ei 

establish  an  isomorphism  between  Q  and  C.   Indeed  (e„e2) 

=  -  efep  =  -  1  an<i  similarly  for  the  other  two  equations  (l.6.l). 

p 
Furthermore  eoeo*  eie3  —  e^epel  =s=  e2el'  eleV  e^e2  =  ele2==~  e2el 

and  similarly  for  the  other  two  relations  in  (1.6.2). 

The  real  quaternions  form  a  division  algebra.   Indeed,  if 
for  a  quaternion 

(1.6.5)  q  =  qe  +  qx  J  +"  q2   ^  fq^, 

we  define  its  conjugate  by 
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q  =  q0  -  qx  J  -  q2  k  -  q3  ^ 


and  its  norm  "by 


N(q)  =  qq  =  qq  =  q«  +  ^   +  ^  +  q^ 

then  N(q)  =  0  if  and  only  if  q  =  0.  Thus  every  non  zero 
element  of  Q  has  an  inverse  given  by  q""  =q/N(q).  By  a  theorem 
of  Weiers trass  and  Frobenius  all  finite  dimensional  division 
algebras  over  the  real  field  are  isomorphic  to  either  the  complex 
field  or  to  the  quaternion  algebra. 

Hamilton  and  his  school  professed  that  the  quaternions 
make  the  study  of  vectors  in  three -space  unnecessary  since  every 
vector  can  be  considered  as  the  vectorial  part  q,  j  +■  qpk  4-  q  C 
of  a  quaternion  (1.6.5 )•  The  above  isomorphism  shows,  however, 
that  this  interpretation  is  grossly  incorrect  since  the  vectorial 
part  of  a  quaternion  behaves  with  respect  to  coordinate  trans- 
formation like  a  bivector  or  "axial"  vector  and  not  like  an 
ordinary  or  "polar"  vector. 

Let  us  now  pass  to  the  quaternions  over  the  complex  field 
(also  called  biquaternions ) .  These  are  of  the  form  (1.6. 5), 
where  the  coefficients  q0,  q, ,  q0,  q_  are  complex  numbers.  The 

complex  quaternions  do  not  form  a  division  algebra,  since  e.g. 

2  2. 

(1  +■  ij)(l  -  ij)  -  1  -  i  j  =1  -  1  =0;  this  is  in  agreement 

with  another  theorem  of  VJeierstrass  and  Frobenius  which  asserts 
that  there  exists  no  finite  dimensional  division  algebra  over  the 
complex  field. 

The  algebra  of  the  complex  quaternions  (biquaternions) 
can  be  considered  as  an  algebra  of  dimension  8  over  the  real  field 
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spanned  "by  the  elements  1,1,  j,}z,l, ij,ik,  11.      If  we  complete 

(1.6A)  by  the  correspondence  i  <r*e   e  e  ,  then  i j  <->e  e  e  .  e  e  ^=.e  , 

12  3  u12332l' 

ik  «-»  e^e-.   e^,  =  e^,    it  ^e^e..   e2e     =  en.     Since  e^e 

p 
belongs  to  the  center  and  (e  e  e  )  = -1,  we  have  thus  established 

12  3 

an  isomorphism  between  the  complex  quaternions  and  the  real 
Clifford  algebra  C  corresponding  to  the  case  n  ss  3- 

Let  us  observe  finally  that  we  can  also  establish  an 
isomorphism  between  the  real  quaternions  Q  and  the  real  Clifford 
algebra  C  for  n  =.  2  defined  by  g11=g22  =  -l,g12=-g21=0,  by 

putting  1  *-*  1.   j  «-»  e  ,  k  <->  e  ,  £  <-»  e  e.   Indeed, 

(  \2-  2   2    i  2  2 

(eej  =-€6  =  -1,  e.ee=-ee=e,ee.e=-ee  =e. 

v  1 2J  12     '2   12    21   1'   1  2  1    12    2 

This  isomorphism  is  of  no  clearcut  geometric  interest,  since 
"polar"  and  "axial"  vectors  of  C  appear  intermingled. 

1.7.  The  definition  of  a  Clifford  algebra  is  based  on  the 

concept  of  a  scalar  square  or  a  symmetric  scalar  product.  In 

this  section  we  shall  consider  this  concept  more  closely. 

Let  E  be  an  n-dimensional  vector  space  over  the  real 
or  the  complex  field.  A  scalar  product  or  metric  on  E  is  here 
defined  as  a  function  which  to  every  couple  (x,y)  of  vectors  of 
E  associates  a  scalar  (x  J  y)  with  the  following  properties 

(I)  (x|y)    =  (ylx), 

(II)  (<Xx+  /3x2    I    y)    =     cX  (X]LI  y)  +  /3  (xg  I  y) . 

n 
If     e,  ,   e2,    •..,   e       is  any  basis  of  E  and    x  ==S~*  x±e±> 

1=1 


-  23  - 


n 
y=   Y\    ye.,   then 
i=l 

n 

(1.7.1)  (xl  y)    =    YL    S..  x.   y.vith     g      =(ele). 

ij     i    i  ij         i     j 

i  =  l 

Conversely,    if  we  are  given  a  basis  e...    e„,    ....   e       and  a  matrix 

l7   27    7      n 

(6j_j)  with  g£j  =  gjj_,  then  (1.7.1)  defines  a  scalar  product  in 
S  for  which  (e.  I  e.)  =  g   . 

Now  we  prove  that  there  exists  an  orthogonal  basis  of  E, 
i.e.  a  basis  f  ,t'2, ...,  f  such  that   (f  |  f .)  =  0  for  i  =h   j. 

Suppose  first  that   (x  I  y)  =  0  for  any  couple  of  vectors  x,  y 
in  E.   In  this  case  any  basis  is  orthogonal  (this  is  the  case 
corresponding  to  the  Grassmann  algebra,  see  p.  7    ).   Assume 
then  that  there  exist  two  vectors  a  and  b  in  E  such  that 
(a  |  b)  =/=  0.  From  this  it  follows  that  there  exists  a  vector 
whose  scalar  square  is  not  zero.   Indeed,  if  either  (a  J  a)  ^  0 
or  (b  |  b)  =1=  0,  then  we  are  finished.   If  not,  then 
(a-K  b  |  a  +-  b)  =  2(a  I  b)  f  0. 

Now  let  f  G  E  be  a  fixed  vector  such  that  (f  |  f  )  =fc  0. 

An  arbitrary  vector   x  G   E  can  be  decomposed  in  a  unique  way 
into  x  =  x  +■  A  f±     in  such  a  manner  that  (x  I  f ±  )  =0, 
that  is  x1     is  orthogonal  to  f  .   We  find  A=(x  |  f  )/  (f  |  f^). 

Hence   E  is  spanned  by  f  and  vectors  orthogonal  to  f  .   It 
follows  that  these  vectors  form  an  (n  -  l)  dimensional  subspace 
F  of  E.  For  the  space  F  we  have  the  same  alternative  as  for 
the  space  S.   In  the  first  case  any  basis  in  F  together  with  f-j_ 


-  2k   - 


gives  an  orthogonal  "basis  of  E.  In  the  second  case  an  element 
f  €■  F  with  (f  |  f  )  =p  0  will  permit  a  reduction  to  a  subspace 

of  dimension   n  -  2,  and  so  on. 

In  this  way  we  find  a  basis  f,,  fp,  . ..,  f  such  that 

(f.  |  f  .)  =  0  for   i  =£  J  and  (f.  I  f.)  =  5,  +0  for  i«r  (^  n) 
i    J  i    i     i         n 

and  (f.|  f)  =  0  for   r-t-U  i  4  n.   Writing  x  =  \  jc  e. 

i=l 

=i/      x.  f .  we  obtain 
1=1 

n  n       {2         r      2 

(x|x)~]T   g^x.x.  =  ^€iX±     =YJ±A      . 

1,J  =  1  1  =  1         i  =  l 

It  follows  from  well  known  theorems  about  quadratic  forms  that 
the  number  r  is  independent  of  the  mode  of  reduction;  r  is 
called  the  rank  of  the  quadratic  form  and  is  also  equal  to  the 
rank  of  the  matrix  (gjA    )*   ^n  particular  r  =n  if  and  only  if 
det  (g.  .  )  y=  0.  We  call  the  case  r  =  n   regular ,  the  case 
r  <  n  singular;  this  terminology  is  consistent  with  the 
definitions  to  be  given  in  Chap.  Ill,   section  3«3« 

In  sections  1.2  and  1.^  we  constructed  a  basis  of  the 
Clifford  algebra  associated  with  a  regular  metric  form.  Again 
denoting  the  mutually  orthogonal  basis  vectors  constructed 
above  bye.  and  setting  eA  =.  e ,   e,   ...  e^  (l^  o<i  <<*  4"  <o<^n) 
we  have  shown  that  these  elements  form  a  basis  of  the  Clifford 
algebra  in  the  regular  case.   The  main  difficulty  was  to  prove 
the  linear  independence  of  the  e   .   As  a  matter  of  fact,  all 
these  results  can  be  proved  in  the  singular  case,  but  the  proof 
of  the  independence  requires  other  methods  since  the  elements 
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e"  used  in  section  1.4  do  not  necessarily  exist.  The  final 
proof  will  be  given  at  the  end  of  section  1.10.  One  of  the  main 
tools  is  given  here  since  it  is  closely  connected  with  the 
results  of  the  present  section.  Let  us  also  observe  that  the 
results  of  section  1.5  concerning  the  center,  simplicity,  etc. 
do  not  hold  in  the  singular  case.  As  an  exercise  we  recommend 
to  the  reader  to  determine  the  center  of  a  Grassmann  algebra. 

Any  vector  space  with  singular  metric  can  be  imbedded  in 
a  vector  space  with  regular  metric.  Let  E  be  a  vector  space 
with  the  orthogonal  basis  e,,  e~, ...,  e  ,  that  is  (e.  I  e,  )  =0 
for  i  ^=  k,  and  suppose  that 


r  +1  ^  i  ^  n. 

r+1       n 
Introduce   n  -  r  new  vectors  e     , . . . ,  e   and  complete 

the  definition  of  the  metric  by  setting 

(eP|e*)  -0,  (e±\f)    [+  °'  *"P  &,*  «  r+ 1, . .  .,n) 

1=0,  if  p 

We  claim  that  the  space  E  spanned  by  the  n-h(n-r)=2n-r 
vectors  e, ,...,  e  ;  e    ,...,  e   is  regular.  To  prove  this, 
we  show  that  to  every  vector  0  =£•  3T  €:   E  there  exists  a 
y  e  E  such  that  (x  |  y)  4=  °>  the  latter  scalar  product 
being  defined  by  distributivity.   Let 

A         ^  T4-1         n 

11  rpyT^i    r+1         /    n    n       r+1  n 
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If  there  is  some  A   =£■(),  we  take  y  =•  e  ,  if  all  the  ^A  are  =  0, 

k  k  k 

but  some  JU-p   ^f=  0,  we  take  y  =  e,  if  all  the  A  andyU   are  0 

and  V  "=¥■  0,  we  take  y"  —  e  .   In  either  of  these  cases  (x  |  y)  =f=  0, 

q  q 

hence  the  extended  metric  is  regular,  as  asserted. 

1.8.  Let  £  he  a  vector  space  of  dimension  n  over 
the  real  or  the  complex  field  with  an  arbitrary  metric  (x  |  y) 
and  C  the  associated  Clifford  algebra.   Further  let  e,,e2,...,  e 

be  a  basis  of  E.  If   x  —  Z.  x^e^  and  y  —ILy^e^   are  arbitrary 
vectors  in  C,  we  can  write 

(1.8.1)     xy  «  i(xy+  yx)  +  i(xy  -  yx) . 

By  (1.1.7),   the  first  term  on  the  right  hand  side  is  the  scalar 

product  (x  I    y) .     The  second  term  is 


e  . 

0 


i(xy  -  yx)   =  \    2-.  (xivj     "  *  2j)  \ 

(1.8.2) 

-*     XfcjTj    -x.   yjL)(e.e.    -  e.e±) 

We  know  that  if  e.,,e_, . ..,  e   form  an  orthogonal  basis,  the 

12  n 

distinct       e     anticommute,   i.e.  e  e   -t-e  e      =    0  for  i  ^=  j.     In 
i  i   j        j   l 

this  case  we  can  also  write 

(1.8.3)  ^(xy  -  yx)  =   51  (^y,  -  Xj^)  e±e^' 

With  the  symbol 

(1.8.4)  i(xy  -  yx)   -  [x;y] 
(1.8.1)   can  be  written  in  the  form 

(1.8.5)  xy  =(x   |   y)  +-  [x;y]. 
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If  the  vectors  x  and  y  are  colli  near,  i.e.  y  -  Ax, 
then  and  only  then  all  x^yj  -  x  ^y^  =0,  that  is  £x;y]  =  0, 
and  we  have  xy=s(x  I  y) .   If,  on  the  other  hand,  the  vectors 
x  and  y  are  orthogonal,  i.e.  (x  |  y)  =0,  then  we  have 
xy  —  [xjy  1 

The  components  in  (1.8.2)  are  clearly  skew-symmetric. 
This  suggests  that  there  is  a  close  connection  between  Clifford 
numbers  and  skew -symmetric  tensors.   We  shall  devote  the 
suosequent  sections  to  the  study  of  this  connection.   We  begin 
by  recalling  some  general  aspects  of  tensor  algebras 

1.9.  A  tensor  algebra  is  a  particular  case  of  a  graded  algebra. 

We  call  an  algebra  Ji     with  unit  element  a  graded  algebra,  if  it 

is  the  direct  sum  of  subspaces  JT    (h  —  0,1,2,...),  Jl  =/L.   jt 

n  h  =  0     h 

such  thatj#  Jl,   C  Jl ,    ,  •   An  element  belonging  to  the  subspace 
h  k     h  ■+■  k 

Ji,      is  said  to  be  homogeneous  of  degree  h. 

Again  let  E  be  an  n-dimensional  real  or  complex  vector 
space  with  basis  e, ,  e?, ...,  e  •   The  tensor  algebra  T(2)  over 

S  is  the  infinite  dimensional  algebra  whose  basis  is  formed  by 
all  products 

(1.9.1)        e±  (g)  e±  <g>  ...  <S>  e±   , 

1      2  h 

where  0  <  h  <  00  and  (i  ,  i  ,  ...,  i  )  is  any  set  of  indices 

1,2,...,  n  with  possible  repetitions.   T(e)  is  the  set  of  all 
finite  linear  combinations  of  elements  (l.9.l)  with  real  or  complex 
coefficients,  respectively.   The  product  of  two  elements  (1.9.1) 
is  formed  by  juxtaposition  and  is  extended  by  distributivity  to 
any  pair  of  elements  of  T(B).  This  multiplication  is  associative 
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but  not  commutative.  Let  Th(E)  be  the  subspace  of  T(E)  spanned 
by  all  elements  (1.9.1)  which  contain  exactly  h  factors.  Then 
T(E)  is  the  direct  sum  of  these  T,(E)   (0  ^  h  <  00  )  and 
Th(E)  <8>  Tk  (E)  C  Th +_  k(E),  i.e.  T(e)  is  a  graded  algebra 

as  defined  above.  The  dimension  of  T  (e)  is  nh;  the  subspace 
T0(E)  can  be  identified  with  the  field  of  scalars,  T1(e)  can 

and  will  always  be  identified  with  E.  It  is  clear  that  any 
other  basis  of  E  yields  the  same  algebra  T(e). 

We  are  interested  mostly  in  skew -symmetric  tensors. 
Let  x  ,x  .....x-d  be  p  vectors  of  E  =  T  (e)  .  Define  the 
symbol  £  112*#*  P  to  be  0  if  two  superscripts  are  equal  and 
to  be   +-1  or  -  1  according  as  (i_,ig, ...,  i  )  is  an  even  or 

odd  permutation  of  (1, 2, . . . , p  ) .  The  commutator  (~x, ,  x0, . . .  ,x 

—————— —  *~  ±_      f±  p— 

of  x, ,x0, ...,   x         is  defined  by 
x     d  P 

(1.9.2)  [xx,x2, ...,  Xp]   =     Y>£    ll2,,*i)  x^    <g>  x^^    <g)     ...<g>xi 

~1  2  p 

where  the  summation  is  extended  over  all  permutations (i  ,i  , ...,  i  ) 

12      p 

of  (1,2, ...,p).  It  would  be  equivalent  to  ask  that  all  the  indices 
i,, . ..,  i  run  independently  through  all  values  1,2,...,  p  . 

Now  let  e.. ,  ep,...,  e  be  a  basis  of  E  and  let  S  be  the 

J-      d  XX  ^r 

subspace  of  T  (£)  spanned  by  the  commutators 

(1.9.3)  [e^    ,  e^  ,...,6^  ] 

12        p 

with  l^o(<0<p<  . ..  <  C*   <  n.  We  remind  the  reader 
that  according  to  our  convention  the  "empty"  commutator,  which 
stands  for  1,  is  also  to  be  considered.  It  spans  the  subspace 
SQ,  which  will  be  identified  with  the  field  of  scalars.   Also 
Sl  ^  Ti(£)  is  identified  with  E.  The  commutators  (1.9-3)  are 
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clearly  linearly  independent  since,  for  example,  the  product 

em    ®  e^,    £>  •••    &>  e  appears  only  in   [  e       ,  e       ,    . . .  e        1  . 

ai         N*2  ^p  1       ^2  °<p 

Thus  S   is  an  (pj  —dimensional  subspace  of  T  (E).  In  particular, 

for  p  >  n  the  space  S   reduces  to  zero. 

P 

Let  us  prove  that  S   is  independent  of  the  choice  of 

the  "basis  e_,  e^,  ...e  .  To  this  end  let  e1,  e',...ef  be 
1   2     n  1   2    n 

another  basis  of  E.   Then  we  have  the  reversible  transformation 


formulae 


n 


i  - 


J  "  1 


% 


e, 


For  a  fixed  sequence  1^<X  <  O^   <...<o(   ^  n   and  a 

12  p 

variable  sequence  1^/3  ^  /3  p  ^  ...  ^  /?   ^  n,  and  an 

arbitrary  permutation    &  .  >     /3  •  > • •  •  >   /3  . 

'  *^l   /  ^2         "] 
quence  we  set 


of  this  se- 


D(/V '/V  = 


^  -faft 


P 


Jl  •  •  •  J, 


=  £ 


DtyS^...^) 


We  observe  that  these  expressions  vanish  when  two  /3  are  equal. 

With  this  notation  and  self-explanatory  abbreviations  for 


the  ranges  of  the  summations,  we  can  write 

i-i  ...i 


P     (i) 


fcAh'"f\W*  ~* 


(1.9.4) 


=§D(/V"'/Ve/^ 


<S> 


^ 


J, 


p 
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,— i     *«   •  •  •  0 
=   2-  D(/31,...,/3p  )     /_£  e        <g>     „,g)e. 

f)  '    '  (J)  /jl  /dp 


Z_   D(/3    ,...,^r)    [en    ,...,   eg     ]     . 
(/3)  I    1  '     P 

It  follows  that  the  elements  (1.9.^)  are  contained  in  the  subspace 

spanned  by  the  elements  ( 1.9.3)  and  vice  versa,  which  proves  that 

S    is  independent  of  the  choice  of  the  basis. 

P 

An  arbitrary  element  belonging  to  S   is  called  a  skew- 
symmetric  tensor  of  order  p   or  a  p  -vector.  The  simplest 
elements,  namely  the  commutators  of  p  vectors,  are  called  simple 
P  -vectors .   We  normalize  these  simple  p  -vectors  by  introducing 
the  divided  commutators 

(1»9«5J    L  aT^  ao**,*>  a  p-1  =  _   L  aT>  ap*  •  •  •  >   a  ^J 

and  call  the  left  hand  side  the  simple  p  -vector  spanned  by  the 
vectors  a  ,  a2,...,ap.   A  simple  p-vector  is  zero  if  and  only 
if  the  vectors  which  span  it  are  linearly  dependent.  From 
computation  analogous  to  those  just  given  for  the  basis  elements  it 
follows  that  any  p  linearly  independent  linear  combinations  of  p 
given  vectors  span  the  same  simple  p  -vector  up  to  a  scalar  factor. 
Thus  a  simple  p-vector  is  essentially  the  attribute  of  the  sub- 
space  spanned  by  the  vectors  in  question  and  not  of  the  individual 
vectors  themselves.   Clearly,  the  sum  (or  linear  combination)  of 
simple  p -vectors  is  a  p-vector.  The  converse  follows  from  the 
definition  of  p -vectors • 

In  particular,  the  space   Sn  consists,  up  to  a  scalar 
factor,  of  a  unique  (simple)  n-vector.  An  n-vector  is  also  called 
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a  pseudo -scalar . 

From  (1.9.2)  we  obtain  the  expansion  formulae  for 
commutators,  namely 


P_ 


i     \^      k-1 

(1.9.6)      Cxr...,  xpJ=  2L.   (-1)    x^  [x1,...,Sk,-..xp] 


p 


k=l 
where  the  circumflex  indicates  that  the  factor  x.   is  omitted.  For 
divided  commutators  these  formulae  read 

[xJL;...;xp]=  -  2_(-l)  ~  xk(S)[x1;...;xk;...;x .J 

x  k=l 

(1.9.7)       p 

—  jr   2_  (-1)    [^5...;  x^...;  xpJ(g)  x^. 

k=l 

We  shall  not  write  out  explicitly  the  formulae  (not  needed  here) 
which  correspond  to  the  the  general  Laplace  expansion  formulae  of 
determinants • 

We  stop  this  digression  concerning  the  general  theory  of 
skew-symmetric  tensors  here  and  proceed  to  applications  in  Clifford 
algebras • 

1.10.  Let  C  be  the  Clifford  algeora  associated  with  an  arbitrary 
metric  form  (x  I  y)  (cf.  l.l).  Given  any  p  elements  x  ,x  , ...,  x 


of  E,  we  again  define  their  commutator  by 

(1.10.1)    [x1,x2, ...,  xJ[*2-£ 

where  the  summation  is  extended  over  all  permutations  (i, ,i0, ...,i  ) 

±     d.  p 

of  (1,2,...,  p ).  We  also  introduce  the  divided  commutators 


X.  X.    ...X.    § 

12       p 
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(1.10.2)    [xx;...;  xp  ]  =  -pm  i*!?"**   xp]« 

Let  e-p...,  e   be  a  basis  of  E.  We  show  now  that  the 

divided  commutators  of  all  the  sequences  e.  ,e.  ,  ...,e. 

1       d  P 

(p  —0,1,2,...,  n;  1  ^  i_  <  i0<...<i   ^  n)  forma  (possibly 

id.  p 

redundant)  basis  of  C.  Later  we  shall  prove  that  ve  really  have 
a  basis,  that  the  above  commutators  are  linearly  independent  . 
Obviously,  in  the  case  of  mutually  orthogonal  e.,,...,  e   these 
commutators  are  identical  to  the  products  eA  considered  in  sections 

1.2-1.6. 

The  number  of  factors  in  a  product  is  called  the  length 

of  the  product.   We  are  going  to  prove  the  following  assertion. 

Let  x, ...,  y, • . • ,  z  be  a  sequence  of  vectors  in  E  and 

x  , . ..,  y ',...,  z*  a  permutation  of  this  sequence.  Form  the 

/ 
(Cliff ordian)  products  //  =x...  y  ...  z   and  //=x'...  y'...  z*. 

Then  JT  =-//"*"  2i ,   where  the  sign  is  +•  or  -,  according  as  the 

^/ 
permutation  is  even  or  odd  and  2L*     is  a  linear  combination  of 

products  of  vectors  belonging  to  proper  subsequences  of  the  given 

sequence • 

From  this  and  the  formulae  of  definitions  (l.lO.l)  and 

(1.10.2)  it  follows  immediately  that 

(1.10.3)  //  =  [x;...;  y;...j  z  ]  +  2L  , 

where  again  Z  is  a  linear  combination  of  products  "shorter" 
than  T\  • 

The  proof  is  founded  on  the  basic  relations 
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(1.10.4)  xy  -+-  yx  =  2(x  I  y), 
in  particular 

(1.10.5)  x2  =  xx  =  (x  I  x). 

Our  assertion  follows  readily  from  the  fact  that  the  interchange  of 
two  adjacent  elements  changes  the  sign  of  the  original  product  and 
adds  to  it  a  scalar  multiple  of  a  shorter  product,  as  seen  from 

...  xzyu...  =  ...x(2(y  I  z)  -  yz)u... 
—  -(...xyzu...)  +■  2(y  |  z)  (...  xu...). 
This  completes  the  proof  of  (1.10.3). 

If  the  sequence  x, ...  y, . ..,  z  contains  repetitions,  the 
commutator  in  ( 1.10. 3)  is  zero.   So  it  follows  "by  iterated  use  of 
the  above  reduction  that  the  product  77  is  equal  to  a  linear 
combination  of  products  formed  without  repetitions  of  elements  of 
proper  subsequences  of  the  given  sequence. 

Now  clearly  every  element  of  C  can  be  expressed  as  a  linear 
combination  of  products  of  the  e^.   If  we  replace  the  relations (1.10.4) 
and  (1.10.5)  by  the  more  detailed  ones: 

(1.10.6)  ee  +  e  e.  «  2(e  |  e )   =  2g    , 

ik    k  1      i   k       lk 

and  in  particular 

(1.10.7)  e±   =  eiei  =  (e±  I  ei)  =  g±±, 

it  follows  from  the  preceding  by  induction  on  the  lengths  of  the 
products  that  an  arbitrary  element  of  C  can  be  expressed  as  a 

linear  combination  of  the  divided  commutators  f e  ;  e  ; . . . ;  e 

1    i.        i0  i   J 

12  p 

(p  =  0,1,2, ...,   n;   1^1   <!<•••   <i     ^n).       Hence,  as 

asserted,  these  simple  p-vectors  form  a  -  possibly  redundant- 
basis  of  the  Clifford  algebra. 


3* 


The  analogous  p -vectors,  considered  as  elements  of  the 
tensor  algebra  have  "been  proved  in  section  1.9  "to  he  linearly- 
independent.  We  are  going  to  prove  that  this  independence  sub- 
sists in  the  present  case  in  spite  of  the  relations  (1.10.6) 
and  (1.10.7). 

First  consider  the  regular  case.  It  has  been  proved  in 
sections  1.2  and  1.4  that  the  products  e  form  a  basis  (in  the 
strict  sense)  of  the  Clifford  algebra.   The  number  of  the  above 

divided  commutators  is  the  same  as  that  of  the  nroducts  e 

n  "        A 

(namely  ]F]  (p  )  —  2  ),  and  since  they  also  span  the  Clifford 

p=0 
algebra,  it  follows  that  they  also  form  a  basis  and,  in 

particular,  that  they  are  linearly  independent. 

If  the  metric  of  the  given  vector  space  E  is  singular, 

we  imbed  the  space  E  in  a  space  E  provided  with  a  regular  metric, 

as  explained  at  the  end  of  section  1.7.  If  the  dimension  of  E 

is  n  and  the  metric  form  of  E  has  rank  r  <  n,  the  space  E  will 

have  dimension  n  +  (n  -  r)  =  2n  -  r  >  n.   Let  e,  .  ••••  e   be 

an  arbitrary  basis  of  E  and  complete  it  to  a  basis  of  2  by 

adding  n  -r  suitable  vectors  e  ,_•,»•• .ie0     •   Since  the 
°  n+ 1'   '     2n  -  r 

space  E  is  regular,  the  p  -vectors  consisting  of  the  larger 
basis  with  subscripts  proceeding  in  the  natural  order  are  linearly 
independent.   Hence  those,  whose  subscripts  run  from  1  to  n,  a 
fortiori  are  linearly  independent  and  consequently  form  a  basis 
(in  the  strict  sense)  of  the  Clifford  algebra  associated  with  the 
original  space  E.   If  we  take  an  orthogonal  basis  e  , ...,  e  of 

E,  the  corresponding  p -vectors  are  identical  with  the  products  e  • 
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Hence,  as  asserted  in  section  1.7  (  p.  24  ),  these  products  also 
form  a  basis. 

1.11  In  this  section  we  shall  consider  briefly  same  applications 
of  the  foregoing  concepts  to  analysis. 

We  introduce  the  differential  operator  nabla 

i  =1        xi 
which  maps  each  scalar  valued  function  f (x)  into  a  vector  valued 

function,  which  is  called  the  gradient  of  f(x),  that  is 

n   9 
V  f  =  "S-"    *>»<        e,  =  grad  f .  Suppose  now  that  our  vectors 

^— '  Ox  -1 

i  =  l    i 

are  imbedded  in  a  Clifford  algebra  associated  with  the  Euclidean 
metric.   Then  it  makes  sense  to  speak  of  the  square  of  the 

operator  S7     and  we  get 

n      2 

(l.n.i)        v2  -  (  v  I  v  )  =  5Z   -~r  =  A  > 

i-i    ^xi 

that  is  the  Laplace  operator. 

In  the  relation  ab    =  (a  I   b)  +■    Ca;b]       (cf.    (1.8. 5    )) 

let  us  replace  the  vector  a  by    V     and  the  vector  b  by  the  vector 

n 

field       V(x)  =  J2    v-5  (*)  e-t  •       This  yields 

i  =  l 


"        QVi  ^    2jj  ^vi 

L—k       "9 x^  ^- — •      "3  x^  !)xi         x 


i=l  i<j 

which  can  also  be  written 

(1.11.2)       VV    =  div  V  ■+■  rot  V. 

Similarly  we  have 
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VV    =  div  V  -  rot  V, 
where,  in  VV  >  the  operator  V  acts  on  V  from  the  right. 

If  u  +■  iv  =  f  (x  ■+-  iy)  is  a  complex  valued  function 
of  the  complex  variable   x  -f-  iy,  the  Cauchy-Riemann  partial 
differential  equations 

(1.11.3)        ~±-  =  ^-  ,   -^L  =  .  -2j£ 


2)  x     ^  y   '    ^y  d 


x 


can  also  be  written  as 

(1.11.4)    (  TT—  +  i  ■—— )  (u+  iv)  =  0. 

o   x        a  y 

The  second  equation  in   (1.11.3)  shows  that  (u,-v)  is  the  gradient 

of  a  function  h,   i.e. 

(l    11    ^                     _     ^h  _       Oh 

(1.11.5  J  u   =-— ,    -v     —     «^r — • 

<?x  Jy 

Using  the  first  relation  in  (1.11. 3)  we  obtain 

Ah    =  div  grad  h   =  -iiL     -     ~£L     =   o, 

^  x  Vy 

i.e.  h  is  a  harmonic  function.   Conversely  if  h  is  harmonic, 

then   u      and    v     defined  by  (1.11.5)   satisfy  the  Cauchy-Riemann 

equations. 

Now  let  C  be  the  real  Clifford  algebra  spanned  by  the 

elements  l,e-,  e?,  e?  e"1   and  C+   its  subalgebra  spanned  by  1 

/    \2     p  p 
and  e2e,.   Since  (epe-,;  =  -e|  e£  =  -1,  this  subalgebra  C  + 

is  isomorphic  to  the  field  of  complex  numbers.  Hence  equation 
(1.11.4)  can  also  be  written  in  the  form 

(-7£—  +  e2el  -5^-)  (  u  +e2e±  v)  =0. 
Inserting  e%    =•  1  between  the  two  factors  and  using  associativity 
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and  anticommutativity,  we  get 

(el  ^Tx"   +   e2  — -  }   K  u  -  e2v)  =  °- 

As  we  know,  this  relation  holds  if  and  only  if  (u, -v)  is  the 
gradient  of  a  harmonic  function.  It  follows  that 

(e  — £—  +  e  -~2 — )   (  e  u  +  e  v)  =  0, 
1  ^x      2  Oy       1     2V/    ' 

if  and  only  if  (u,v)  is  the  gradient  of  a  harmonic  function. 

In  this  form  the  result  can  be  generalized  immediately 
to  any  number  of  dimensions.   Let   V   be  a  vector  field  which 

satisfies  the  relation 

r\ 
(1.11.6)    VV  =  (  Iei  -55 —  )   (  Se,  V±)     -  0. 

By  (1.11.2)  this  means  that  div  V  =  0  and  rot  V  =  0.  The 
second  relation  implies  that  V  is  the  gradient  of  a  function 
h,  V  =  grad  h,  while  the  first  relation  implies  that 

A  h  =  div  grad  h   =  div  V  =  0, 
i.e.  h  is  a  harmonic  function.  Conversely,  if  h  is  a  harmonic 
function,  V  —  grad  h  satisfies  (1.11.6). 

However,  in  contrast  to  the  classical  case  of  functions 

of  a  complex  variable,  this  last  functional  relation  is  not 

transitive .   The  relations   V   V  =  0,  V  \]   =0  do  not  imply 

x         v 

the  relation  Vx  U  =0.  The  same  remark  applies  to  quaternion 
functions  of  quaternion  variables,  treated  at  length  by  Fueter  and 
his  pupils. 

The  V  operator  can  be  defined  in  any  regular  metric  and 
relations  analogous  to  (l.ll.l)  and  (1.11.2)  are  also  valid.  In 


-  33  - 


the  Lorentz  case  the  operator  V  plays  a  basic  role  in 
Maxwell's  equations,  when  -written  in  Clifford  language  (see 
section  4.17),  and  in  Dirac's  equation  (see  Chap.  VI.). 

1.12  The  remainder  of  this  chapter  is  devoted  to  some 
important  but  rather  intricate  matters,  which,  however,  will  not 

be  needed  for  the  understanding  of  the  later  chapters. 

Let   £  be  an  n-dimensional  real  or  complex  vector 

space  with  a  metric  (x  I  y)  and  let  T  =1T(e)  be  the  tensor 

algebra  over  S  (cf .  section  1.9) •   Let  I  be  the  ideal  of  T 

generated  by  the  elements 

X  <g>  x  -  (x  I  x), 

where  x  runs  through  E  =  T-.   This  ideal  I  consists  of  all 

finite  linear  combinations  of  elements  of  the  form 

u  ®  (x  <8>   x  -  (x  I  x) )  <S>  v  , 

where  u ,  v  ^  T .   We  shall  prove  that  the  quotient  algebra  T/l  is 
isomorphic  to  the  Clifford  algebra, C  associated  with  S. 

In  his  book  Co]  Chevalley  defines  C  as  the  quotient 
algebra  T/l. 

The  proofs  will  be  based  on  certain  algebraic  operations, 
called  derivations ,  which  have  their  origin  in  algebraic  topology. 
We  treat  them  at  a  greater  length  than  needed  for  our  immediate 
purpose;  they  will  be  most  useful  to  us  also  in  other  connections. 
For  the  following  definition  of  derivation  we  refer  to  Chevalley 

Let  Jl  =2L,«Ajj  be  a  graded  algebra  (  cf.  p.  2?  )  • 
h=0 

We  set   Ai^0  for   h  <  0.    a  map  D  of  A  into  A  is  called 
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a  derivation  of  degree  V  in  Jl   if  it  satisfies  the  following 
conditions. 

1)  D  is  linear,  i.e.  for  u,v  €  Ji  we  have 
D(Au  +  Uv)  =ADu  -HllDv; 

2)  D  is  homogeneous  of  degree  U,   i.e.  there  exists 
an  integer  V  such  that  J)A   c  Jl  for  every  h; 

3)  if  u  61  cA  ,  v<£^,  then 

(1.12.1)  D(uv)  =  Du.v  ~f  (-l)hU   u.Dv. 

We  can  immediately  give  a  more  general  formulation  'co 
(1.12.1).   Introduce  the  main  involution   J  (cf.  section  l,k) 
of  Jl    by  putting  Ju=u  or  Ju  =  -u  if  u  is  homogeneous  and 
of  ever  or  odd  degree,  respectively.  Extending  J  by  linearity.,  we 
get  an  automorphism  of  Jl  with  J  =  the  identity,  i.e.  J  is  an 
involution.   The  relation  (1.12.1)  is  then  equivalent  to 

(1.12.2)  D(uv)*Du  .  v  +  J*u.  Dv. 

Setting  u=l,  v  «  1,  we  find:   For  every  derivation  D  we  have 
Dl  =  0. 

Let  D,  D1  be  two  derivations  of  Jl  of  degrees  \J     and 
V  respectively.   Then 

(1.12.3)  A   =  D  D1    -(-1)     D'D 

is  again  a  derivation.   The  proof  is  straightforward.   It  is 
evident  that  A     is  linear  and  homogeneous  of  degree  V   *f  i/  ', 
so  it  is  only  necessary  to  check  (1.12.2).   Applying  the  right 
hand  side  of  (1.12.3)  to  the  product  uv  and  using  (1.12.2),  the 
assertion  reduces  to  the  two  relations 
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(1.12.4)     J*V  -(-1)V   D<  J  V  =  0  and  DJ  ^  -(-l)^  J  V   D  =  0, 


which  follow  from  each  other  by  symmetry.   To  prove  (1.12.4), 
assume  that  u  is  homogeneous  of  degree  jul   .   Then  D  u  is 
homogeneous  of  degree  a  +  V    and 

J   Du=(-l)  "       Du  =  (-l)    D(-l)    u  =(-1)   DJ   u, 

which  is  the  second  of  the  relations  (1.12.4)  written  in  a 
slightly  altered  form. 

In  particular,  if  V    and  V     are  both  odd,  D  D1  -4-D'D 

2 

is  a  derivation,  and  if  V   is  odd,  D   is  a  derivation. 

Generally,  we  shall  be  mostly  concerned  with  derivations 
of  odd  degree  and  in  particular  with  the  cases   V=±l.   In 
the  case  of  an  odd  degree  V,  the  formulae  (1.12.1)  and  (1.12.2) 
become 

(1.12.1")         D(uv)     «■    Du    ,v+(-l)      u.Dv 
for      u    e  A    ,  v  e  A    ,  and 
(1.12. 2')  D(uv  )    =        Du.v+Ju  .   Dv 

for  u,vejl  .   The  operator  relations  (1.12.4)  become 
(1.12.4')   DJ  +  JD  =0 

In  the  case  when  the  degree  V  is  even,  the  formula 
(1.12.2)  becomes 
(1.12.2")     D(uv  )  =r  d  u  .  v  +■  u  .  Dv, 

for  anyu,vei  ,  recalling  the  rule  for  the  ordinary  derivation 
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(differentiation)  of  a  product.  In  this  case  formula  (1.12.4) 
becomes 
(1.12.4")         D  J  -  JD  =  0. 

1.13.  Now  let  A  "be  the  tensor  algebra  T  considered  in  sectio 
1.9*    For  simplicity  we  shall  omit  here  the  sign  of  multiplication 
<S>  used  there,  that  is,  we  shall  write  uv  instead  of   u  <g)   v 
and,  for  example,   Ju  .  D  v   instead  of  Ju  <£>  Dv.   As 
usual,  we  denote  by  x,y,z,x,  ,Xp,  ...  elements  of  T  =  E,  or,  in 
other  words,  vectors. 

Assume  now  that  a  linear  mapping  x  — >  Dx  such  that 
x6T,  and  Dx  €:  T.  .  ^  is  given  for  all  elements  x  of  T  .   We 

will  prove  that  D  can  be  extended  to  a  derivation  (of  degree  1)  )  in 
T  in  a  unique  way.   We  restrict  ourselves  to  the  case  of  an  odd 
V  .   The  proof  in  the  even  case  is  similar. 

Let  us  first,  examine  some  implications  of  the  postulates 
entering  into  the  definition  of  a  derivation.   Here  induction 
means  induction  on  the  length  of  products  ( cf .  p,  32 ) . 

a)  Setting  in  (1.12. 2')   u  =  x, ,v=Xp...  x  ,we 
obtain  by  induction 

k-i 


n 


(1.13.1)  D(x1x2...  xm)  =  2^  (-1)    xi*#*xic-i  "  Dxk  '  ^-Hl 

k=l 


•  •  *  X  • 

m 


Conversely,  if  u  and  v  are  products  of  certain  vectors  or  linear 

combinations  of  such  products,  and  Du,  Dv,  D(uv)  are  defined  by 

(1.13.1)  and  linearity,  then  (1.12.2 ')  will  be  satisfied.   To 

show  this,  write     u  —  x,  . . .  x_,     v  =  x    „,,...  x,   and  define  Du 
'  if  f-f-1  nr 

and  Dv  oy  (1.13.1).       Then  Du   .  v  +•  Ju  .  Dv  yields  D(uv)  as  defined 
by  (1.13.1). 


-  k2   - 


b)  If  we  have  a  finite  sequence  x  ,x  ,...  of  vectors 

such  that  all  subsequences  satisfy  relations  of  the  structure  of 

(1.13.1)  then,  under  usual  distributivity  assumptions,  all  vectors 

which  are  linear  combinations  of  the  Xj.  will  do  the  same.  It 

will  be  sufficient  to  prove  this  for  two  such  vectors  y  =  77  **  .x. 

i 

and  z  =2[]  /3     x  •       We  have 
'   k     k 
k 

D(yz)  =  Z i  *      /^  D(xA)  =E^  i/^k^i   •   *k"  Xi-Dxk) 
i>&  i,k 

=  (  2H   Dx,)    (Z&    ^)   -   <&i  «1)(Z^D*lE) 

i  k  1  K 


=  Dy  .    z   -  y  .   Dz. 

After  these  preliminary  remarks  we  are  able  to  prove  our 
statement.  First  we  observe  that  DT0  =  0,  since  Dl  =  0,  as 

shown  above.   Dx  is  linear  in  x,  and  is  determined  by  its  values 

on  the  elements  e   of  a  basis  of  T  .   As  we  have  seen  in  a),  D 

k  1 

is  to  be  defined  by  (1.13.1)  for  all  the  products  formed  of  elements 

of  the  basis.   Thus,  as  shown  in  b),  products  of  arbitrary  vectors 

also  satisfy  (1.13.1).   Then,  again  by  a),  (1.12.2 ')  will  also  be 

generally  satisfied.  Tnis  proves  tiie  existence  and  the  uniqueness  of 

the  extension  of  D  to  T.  The  formula  (1.13.1)  and  the  postulate  of 

linearity  yield  this  extension  without  reference  to  any  basis. 

1.14.   As  will  be  seen,  the  derivations  of  degree-1  deserve 

particular  attention.   According  to  the  general  definition  given  in 

section  1.12  they  map  T..  into  T   and  this  mapping  is  linear.  This 

being  the  case,  let  g(y)  be  an  arbitrary  linear  function  defined  for 

y  €  T-.   There  exists  a  unique  derivation  d    u  in  T  such  that 

Sgy   =  g(y)  for  y  e  T1#   For  the  product  of  the  vectors  yl9y2' ••*'*}& 
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we  have,  according  to  (1.13.1), 

m 


k-1 


cfg(yr..yn)»  §1(-1)   yr--yk-i  •«frk)'ariM-r-'V 

Since  g(y)  is  a  scalar,  this  can  also  be  written 


m 


(1.1^.1)  6   (y..--y  )=T"  (-1)  "  g(y,  ).y.  ...y,  ...y  > 

g  1    m   tT^-i  k   1    k    m 

where,  as  before,  the  circumflex  indicates  that  the  factor  y,   is 
omitted.   By  means  of  the  last  formula  and  the  linearity 

postulate,  o_u  is  given  for  all  u  €  T.  In  the  present  case  the 
e 

multiplication  rule  (1.12.2 ')  becomes 

(1.14.2)   O  (uv)=0  u.v  +  Ju  .  d  p.    v. 

g       g     J,  & 

We  shall  show  that  o  _.  =  0,  i.e.  6  „\i  =  oAo  CTu)  =  0 

f  2 

for  u  €:  T.   Since  o   _  is  a  derivation,  as  proved  in  section  1.12 
(p.  40  ),  it  is  sufficient  to  show  that  o    y  =0,  where  y  e  T1# 

But  this  is  obvious,  since  6  ey  —  o    (g(y))  and  g(y)  is  a  scalar. 

o         g 

If  h(y)  is  another  linear  function  defined  for  y  £  T. ,  it  follows 

by  polarization  that  &    A,+o,  A   —  0. 

g  h   hrg 

We  are  most  interested  in  the  effect  of  the  operation  o a 
on  skew-symmetric  tensors.   We  shall  show  that  o   makes  a  (p-l)- 

o 

vector  of  a  p-vector  and  a  simple  (p-l) -vector  of  a  simple  p- vector. 
The  first  assertion  is  easy  to  prove.   Incidentally,  it  also 
follows  from  the  second. 

Consider  the  commutator  \_  y1,y2, . . . ,  y  1  of  order  p. 

We  first  show  that  <^gf  1      is  the  linear  combination  of  commutators  of 
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order  p-1.   This  is  equivalent  to  the  first  assertion  above. 
We  have,  in  view  of  (1.9.2)  and  (l.l^.l), 


(1.14.3)  8<W 


p     k-lv  «1-°<P 

~2_.t~-u     ^£  s(y°v  y<X1*"yo< 

k=l 


i 
P 


Set  (for  a  moment)  °^.=p«   The  p  products  y^  ...  y  ...  y 

where  the  y  .  =f=    yo    appear  in  a  fixed  order,  but  the  "empty" 

symbol  yA  occurs  at  an  arbitrary  place,  are  all  identical  to  //  y  ,   , 
P  *  i 

o(  .  ^  &    ,  the  factors  being  taken  in  the  fixed  order.  The  term  in 
the  double  sum  (1,1^.3)  which  corresponds  to  the  permutation 
o(  , . . . ,  (X  .  ,  /3, . .  • ,  <Xp   Can  be  written 


Also  we  have 


(-l)^1^!"-  0(0-l/3-'-0(p=<5/30'l---  *J-1  — <*l 

=  (-1)'    6  -1     x     p, 

where  the  last  symbol  only  has  p-1  superscripts  «i  =£  /3  in  a  given 
order.  The  contribution  of  the  p  terms  considered  is  consequently 

x/i-1   C<-,...CK....(X  __- 

P(.1)/i    1£      1  IP     g(y^)     1,^^ 

By  this  we  have  proved  that 
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g 
(1.14.4) 


£gI>i>—>  yp] 


=  p      ^T  (-1)         g(yk)  [  yv...,  yk,...,   yp] 


P  k-1 

c 

k=l 
which  for  the  divided  commutators  (cf.  (l.9«5))  becomes 

£gbi>"-">'  yp]p 

(1.14.5) 

P 

k=l 

The  subscripts  attached  to  the  brackets  indicate  the  order  of  the 

commutators.  Formulae  (1.14.4)  or  (l.l4,5)  show,  among -other 

things,  that  o  S  C  S  , ,  as  asserted  above. 
°  '  g  P     P-l 

Next  we  are  going  to  prove  our  second  assertion  on  p.  43 
namely  that  a  O  -derivation  makes  a  simple  (p-l) -vector  V  1  of 

a  simple  p -vector  V  .  We  may  suppose  that  the  vectors  y,   which 

P  £ 

span  Vp  are  linearly  independent.  Otherwise  Vp  =  0  and 

consequently  d  V  =0.   Then  the  vectors  y  span  a 

p-dimensional  space  E  •  Now  we  distinguish  two  cases.  If  all 

the  g(yk)  =0,  i.e.  g  is  "orthogonal"  to  the  space  E  ,  then  the 

right  hand  sides  of  (1.14.4)  or  (1.14.5)  vanish,  i.e. ogVp  is  again 

equal  to  the  zero  (p-l) -vector.  Hence  our  assertion  is  trivial 

in  this  case.  In  the  opposite  case,  there  exists  a  (p-l)- 

dimensional  subspace  S  .,   of  E   which  is  orthogonal  to  g. 

p-l     p 

Indeed,  let  e,  ,...,e  be  a  basis  of  E  and  set  g(e,  )=(X1  .   Then 

'      l7   '   p  p  k    k 
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all  (X .    =  0,   if  and  only  if  g  is  orthogonal  to  S  .   If  at 
Is  p 

least  one  of  them,  say  ^4=0,  then  g  is  orthogonal  to  the  p-1 
linearly  independent  vectors  o{   e,  -  <X  .  e   (k  =  I, . ..,p-l). 
The  space  spanned  by  these  vectors  is  the  subspace  E_  ^  of  £ 

which  is  orthogonal  to  g.   As  pointed  out  in  section  1.9>  up 
to  a  non -vanishing  scalar  factor  V   is  equal  to  the  p-vector 
spanned  by  any  p  linearly  independent  vectors  in  E   .   If  we 
chose  in  E   one  arbitrary  vector  z  not  in  E  ,   and  p-1 
linearly  independent  vectors  z..  ,  •  • , ,  z  ..   in  E  , ,  we  have 
g(z)  =f=  0,  g(zjr)  =  0,  k  =  l, ...,  p-1.   Hence,  according  to 
(1.14.5),  up  to  a  non-vanishing  factor  S^Y     Is  equal  totbe  (p-l)- 

o   P 

vector  spanned  by  z,, . ..,  z  ,. 

Summing  up:  Let  AL^O  and  E   the  p -dimensional  space 

F  p 

spanned  by  Vp.   If  g  is  orthogonal  to  Ep,  we  have  o    V  =0. 
If  g  is  not  orthogonal  to  Ep,  OJJ     is  a  simple  non  zero 
(p-l) -vector  lying  in  that  subspace  E^  n  of  E   which  is  orthogonal 
to  g. 

1.15 •  The  linear  operation  we  shall  introduce  in  the 

present  section  is  not  a  derivation  itself,  but  it  is  closely 

connected  with  a  derivation  of  degree  -f-1. 

Let  x  e  Tn  be  a  fixed  vector  ana  y,  ..... y   £  T,  be 
1  1'   '*m     1 

arbitrary  vectors.  We  define  the  operation   M^  acting  on  the 
product  of  the  latter  vectors  by  the  formula 

(1.15.D     Mx  (yr..  ym)  =  £  (-1)   yr..  yk  «jrk+r...  Vm> 

k=0 
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or,   in  another  form, 

(1.15.2)     Vv--ym)&xyr--ynL*HE("1}  v  ykxyk+r--V 

k=l 

For  linear  combinations  of  such  products  we  define  M^.  by  linearity. 
It  will  be  clear  In  a  moment  that  this  does  not  leau  to  any 
contradiction. 

The  effect  of  the  operator  M^.  on  commutators  is  of 
particular  interest.  It  is  easy  to  verify  that 

(1.15.3)    Mx[yi^..^yp]s=[x,  y^-..,  yp]  . 

Hence,  in  contrast  too_,  which  lowers  the  order  of  a  simple  p-vector 
by  1,  M   raises  it  by  1. 

The  relation  M  .  1  =  x  =£•()  shows  that  the  mapping 
u  — ^  M  u  is  not  a  derivation.  However,  (M  -x).l  =  x  -  x  =0; 

in  the  parenthesis  x  stands  for  the  operator  which  maps  u  into  xu. 
Hence  the  operator  M^.  =  M^.  -  x  might  produce  a  derivation  given  by 

u  — ^  (M  -  x)u  =  M  u  -  xu,   This  is  in  fact  the  case  and  the 

X  X 

degree  of  this  derivation  is  clearly  -Hi.  We  can  use  the  general 
scheme  developed  in  detail  in  section  1.13.  It  follows  immediately 
from  (1.15.2)  for  products  of  vectors  such  as  u  =■  y  . . .  y  , 

v  =  y^,  _  . . .  y  ,  and  then  by  linearity,  for  any  elements  u,  v  of 
f  t1     m 

the  tensor  algebra  T,  that 
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(1.15.4)  M^uv)   =  ^u.v  +Ju  .  l^v. 

For  M     this  gives 

(1.15.5)  Mx(uv)   =  M^.  u.v  +Ju  .    (Mx  -  x)v   . 

We  collect  the  following  special  formulae: 

Mjj.  .  1  =  x,  M^y  =  xy  -  yx,  1'L^x  =  0, 
M^  .  1  =  0,  Mxy  =  -yx,   Mxx  =  -x  . 

From  (1.15.3)  we  obtain 

Mi[yi*y2'-*,'ypJ:=[x'  x>  yi  *  ?2>'"  yp3  =  0- 

Hence  MT  =  0,  when  acting  on  any  skew-symmetric  element.  How- 

2 
ever,  this  is  also  true  when  M   acts  on  any  element  of  the 

tensor  algebra.   We  shall  prove  this  although  only  the  skew- 
symmetric  case  is  needed  in  the  sequel. 

According  to  (1.15.5)  and  (I.15.6),  we  have  for  any 
u  €  T 

M  (xu)  =0  -  x(M  -  x)u  or  (M  x  +-  xM  )u  =x2  u, 

•A.  J\.  J\.  .A 

or  the  operator  equation 

M  x  +  x  M   =  x  . 

X  X 

From  this  it  follows  that 

—2  2     2  2      2 

Mx  =  (Mx-x)  =MX  -  M^  -  x  Mx+  x  =  M^  . 
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But,  by  virtue  of  (1.15.6)  ana  (I.15.2),  for  any  y  £  T_, 

-2      -  .   . 

K^y  =  K^  (-yx)  =  -yx  .  x  4-  y  .  xx  =  0. 

Thus,  VT         annihilates  T  .   Since  M   is  a  derivation  of  odd 
x  1         x 

degree,  M~   is  also  a  derivation  according  to  section  1.12 

(p.  40     ).  Thus,  according  to  section  1.13  it  also 

annihilates  T.   This  means  that  M  —  VT    =  0,  as  stated 

xx  ' 

above • 

We  denote  the  elements  of  the  homogeneous  subspaces 

T       by     u       (h  =  0,1,2, ...)     and  set 
h  h 

(1.15.7)  Pxuh  =   — i-     t^  uh. 

h+1 

For  the  divided  commutators   (see   (1.9.5))  formula  (1.15.7)  yields 

(1.15.3)        P   [y  ;  y  ;...;  y  ]  =  [_x;  y  ;  y _;•..;  y  ]   . 

xl2  P  12  p 

2 
Clearly,  also  P„u  =  0  for  any  u  €  T. 

1.16.  No  metric  whatever  entered  into  the  considerations 
of  sections  1.12  -  1.15.   In  the  remaining  sections  of  Chapter  I 
we  again  suppose  that  the  n-dimensional  real  or  complex  vector 
space  E  is  provided  with  a  metric  given  by  a  scalar  product  (x  1  y) . 
Let  T  be  the  tensor  algebra  over  E  and  let  x  be  an  arbitrary 

element  of  E  =  T   fixed  until  further  notice .  The  6    -derivation 

1'  x 

of  T  will  be  defined  in  the  same  way  as  the  o  -derivation  was 

6. 

defined  before,  except  that  the  linear  function  g(y)  on  T  will 

be  identified  with  the  scalar  product  (x  I  y) .   Hence  o  u  (u€  T) 
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is  a  derivation  of  degree  -1  in  T,  determined,  according  to 

section  1.13,  "by  linearity  and  by  the  relation  ixy  =(x|  y),  y  €  T-,. 

The  following  assertions  are  easy  to  prove.   In  the  case 
of  a  regular  metric  (x  |  y)  the  family  of  -Qhe  derivations  ox  is 
as  comprehensive  as  that  of  the  derivations  O  g.    More  precisely, 
to  every  linear  function  g(y)  there  corresponds  a  unique  vector  x 
such  that  g(y)  = (x  I  y).   The  converse  is  obvious.   In  the  case 
of  a  singular  metric  (x  |  y)  the  derivations  o  form  a  proper  sub- 


x 


set  of  the  derivations  o  „• 


=  p  +s .. 


Next  we  consider  the  operator  P'    =  P   -HO    •       According 

C2  2 

to  sections  1.14  and  1.15,   Oxu  =  0     and     Px     u     =  0  for  all  u  £  T, 

and  hence     we  have 

(1.16.1)  P'2   =    (P    +  &   )2  ~  P  &     +  &    P 

v  X  N    X  X  XX  XX 

in  T. 

From  now  on  we  restrict   the  domain  of  the  operators 
P'  to  the  space   S  of  the  skew-symmetric  tensors.  First  we 
compute  the  effect  of  the  operators  (l.l6.l)  on  a  simple  p-vector. 
According  to  (1.15.8)  and  (1.14.5 )>  we  have 

SxPx[y15...,;yp:  =  Sx[x;y:L;...j  ypJ 

=  (x  |  x)  [y  :...jy  ]  +  ^  ("^  &   '  \^  t  x;Yi"  "'\'  '"'7   ^> 

P    ^  =  1  P 

and  on  the  other  hand 

P 

Px^x[yi---^P]=V  S(^"1(x,^&i^--v---  yP]} 

k=l 


-51- 


p    k-l 


V(-l)    (x  |  y  )  [x;   y :...;  y  :...;  y  ] 
k=l 


Hence 


(1.16.2)      (^px  +  ?x^)ryiJ-;ypJ=UU)   C  ^•••^p] 

This  shows  that  the  operator  o    P  "+"  P  o    -  (x  I  x)  or,  what 

XX      XX     v  ' 

is  the  same,  the  operator  P1   -  (x  |  x)  annihilates  the  subspace 
S  of  skew-symmetric  tensors.  Briefly 


(1.16.3)        P'2   -  (x  I  x)  =  0  or  P'2  =(x  I  x), 

-A.  -A- 


when  acting  on  S.   From  this  it  follows  "by  polarization  for 
x,y  £  \9   that 


(1.16.4)    P^  Py  +  P£  P^  -2(x|  y)  =  0  or  P^  Py+Py  P^=2(x  /  y), 


when  acting  on  S. 

Next  we  form  the  operator  L  p '  ; . . . ;  P  J>  that  is  the 

xl       *p 

divided  commutator  of  the  operators  P'   ,k=l,2, . ..,  p  and  prove 

xk 

that 

(1.16.5)    [p^  ;...;  p*  ]  l  =  [x^...;  *p]  . 

The  proof  proceeds  by  induction.   The  relation  is  correct  for  p  =1, 
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since,  in  viev  of  the  relation  o    1=0  and  of  formulae  (1.15.6), 
(1.15.7)^  pi   1  =  x.   We  assume  now  that  (I.I6.5)  is  correct  if 

p  is  replaced  "by  p  -  1.   Then  according  to  (1.9.7)  we  find  that 

P 

lKi---->Kl  1  =  —  (  Zm)*"1  *:  0:  j...;p:  ;...;pJ)i 

xl       p         P  *k  xl      *k      p 

k=l 


—  —  £_,  c-i)   ?x  L  x^>  •  •  ♦  *  x^*****  x  J 


If  we  had  P    instead  of  P*   ,  (I.I6.5)  would  follow  from  (1,15.8) 
k  k 

Therefore,  since  P1  =P  +0  ,  we  only  have  to  prove  that 

'  XXX7 

p 

(1.16.6)  T"     (-1)   "    d         [x  :...;  x  ;...;  x   ]    =  0. 

* — '  ^v  1  k  p 


k=l 


We  find 


(1.16.7)     (-l)k"^[xi;...;^;...;xp]=Z  (-l)k"1+  ^xjx.)  [  •  J  ik, 

if=k 

where    C  *  is   the  divided  commutator  of  the  given  vectors 

ik 

x,,...,  x     after  the  ommision  of  the  vectors  x,    and  x.   from  the 

sequence,   and  i*      in  the  exponent  is  equal  to  i   if     i  <  k  and  to 
i   -  1  if  i  >  k.       Hence 


(1.16.8)  (-l)k  +  i'-2  = 


(-1)     ,  i  <  k, 


(-1)       ,  i>k. 


The 


term  (xk  I  x^)  [  •  ]  ..   occurs  only  in  (1.16.7)  and  in 
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i-lC  A 

(-1)  ^xJ^l'3'*''   xi'"*'  x  3  •   Tile  formula  (1.16.8)  shows 
that  it  occurs  with  opposite  signs.   This  proves  (1.16.6)  and 
consequently  (I.I6.5). 

From  (1.16.5)  we  conclude  the  following  fact  which  is 
of  utmost  importance  for  the  sequel. 

The  operators  [p*    »•••>   P1   1  (p  =  0,l, .  ,.,n: 
l-$o(.2  <c<  <...  <o<  ^  n)  corresponding  to  a  basis 
el'  e2' '"'   e   of  2  are  linearly  independent. 

Indeed,  a  linear  dependence  would  by  virtue  of  (I.I6.5), 

imply  the  linear  dependence  of  the  p-vectors  [e^,  ;,..;  e^  1    of 

°\L      *p 

the  tensor  algebra  T.   However,  the  independence  of  these  p- 
vectors  was  proved  in  an  entirely  trivial  way  in  section  1.9,  p«  29  ; 
cf.  also  the  comments  in  section  1.10,  p.  34» 

The  main  results  of  this  section  consist  of  the  equivalent 
operator  relations  (1.16.3)  and  (1.16.4)  and  of  the  linear 

independence  of  the  operators  [p^  ;...;  P^   J.   The  domain  as 

J-        P 
well  as  the  range  of  the  operation  is  the  space  S  of  the  skew- 
symmetric  tensors. 

From  the  results  just  stated  it  follows  that  the  algebra 
generated  by  the  operators  P'  is  a  Clifford  algebra  associated 
with  the  given  metric  form  (x  |  y) ,  and  with  the  2   elements 

[P1   >•..;  P'   J  as  basis,  where  e  ,...,  e   is  an  arbitrary 
eckl  ecxp  1      n 

basis  of  the  given  space  E. 

Indeed,  by  the  method  of  reduction  given  in  section  1.10, 
any  element  of  the  algebra  in  question  can  be  expressed  as  a 
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linear  combination  of  the  above  p-vectors.  They  are  also 
linearly  independent  and  hence  they  form  a  basis  of  the 
algebra. 

We  point  out  that  in  the  course  of  this  investigation 
no  mention  has  been  made  of  the  possibly  regular  or  singular 
character  of  the  metric  (x  I  y) . 

1.17.  The  (two-sided)  ideal  I  and  the  quotient 
algebra  T/l,  briefly  mentioned  in  section  1.12  will  be  considered 
in  greater  detail  in  the  present  section. 

Let  E   be  a  real  or  complex  n -dimensional  vector  space 

provided  with  a  metric  (x  I  y)  and  let  T  be  the  tensor  algebra 

associated  with  E.  Form  all  the  differences  x &  x  -  (x  I   x), 

as  x  runs  through  T-,  =E,  form  the  ideal  I  these  elements  generate 

and  the  quotient  algebra  T/l.  The  elements  of  T/l  are  the  residue 

classes  of  T  modulo  I.  The  classes  R  ,  R. ,  R  containing  the 

x'  1'  o 

respective  elements  x,l,0,  clearly  satisfy  the  (Cliff ordian) 

o 

equation  R  -  (x  I  x)R-,  =R  (=l).  Following  Chevalley,  we  call 
here  T/l  The  Clifford  algebra  associated  with  the  metric  (x  |  y), 
the  residue  classes  then  being  considered  as  Clifford  numbers.  A 
striking  advantage  of  this  approach  is  that  the  associative  law  of 
multiplication  automatically  follows  from  that  of  the  tensor  algebra. 

The  main  problem  is  to  construct  a  basis  of  T/l.  We 
proceeed  as  in  section  1.10,  but  we  have  to  replace  the  equations 
(1.10.4)  -  (1.10.7)  by  the  congruences 

(1.17.1)         x  <8>  y  +  y  <$  x  =   2(x  I  y),  x  <g>  x  =  (x  J  x) 
and/or 
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(1.17.2)  ei  ®  ek  +  ek  ^  ei  ~  2gik  '  ei®  ei3gii  ' 
all  the  congruences  being  taken  modulo  I. 

Equalities  such  as  (1.10.3)  deduced  in  section  1.10 
must  also  be  replaced  by  similar  congruences.  By  analogy  to 
the  final  result  of  section  1.10,  we  have  here  the  following 
conclusion. 

Any  element  of  the  tensor  algebra  T  is  congruent 
Modulo  I  to  some  skew-symmetric  element  of  T.   Hence  every 
residue  class  contains  at  least  one  skew- symmetric  element. 
Moreover  T/l  admits  those  residue  classes  which  contain  the 

simple  p-vectors  [e,y    ;   e,-,    ;...;  ew  1  a  n<  c<    .  ,.«X  , 

1   ^2      *p   -1    2     P 

spanned  by  elements  e  .  of  a  basis  of  T,  as  a  -  possibly 

J 

redundant  -  basis. 

The  next  problem  is  to  prove  that  this  basis  is  not 
redundant.   A  direct  proof  seems  to  be  rather  difficult.  We 
shall  say  more  about  this  in  a  moment.   Here  we  give  a  proof 
based  upon  two  properties  of  the  operators  P'  ,  establishes  in 
section  1.16.   We  are  going  to  prove  the  following  assertion, 
from  which  everything  follows.   Svery  residue  class  contains 
exactly  one  skew-symmetric  element  of  T. 

We  recall  that  P^   is  a  linear  operator  depending  oh  the 
vector  x  €r  (Tn  =  )E  ana  acting  on  the  elements  of  the  subspace 
S  of  the  skew -symmetric  elements  of  T.   The  properties  in 
question  are  the  following: 

(1.17.3)  P12  -   (x  I  x)  «  0, 

x 
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and 


(1.17.4)      |>   ;...;  P^  3  1  =[Xl;...;  x  ] 


1       -*  P 

Wow  let  u  e  T  be  arbitrary  and  let  u  — - >    P'  be  the  natural 
mapping  of  T  onto  the  P'  -  algebra,  that  is  the  algebra  generated 
by  the  operators  P' .   From  (I.I7.3)  we  infer  that,  if  v  €  I 
then  P^  =  0.   On  the  other  hand,  by  (1.17.4)  we  find  that,  if 
0  +   s  €  S,  then  P^   1  =  s  ^  0  and  hence  P^  +   0.   This  shows 
that  I  does  not  contain  any  non  zero  skew-symmetric  elements . 
Since,  as  just  shown,  every  residue  class  contains  at  least   one 
skew-symmetric  element,  it  contains  exactly  one. 

"We  have  constructed  three  different  models  for  the 
Clifford  algebra  C  associated  with  a  vector  space  E  provided 
with  a  metric  (x  |  y).   First,  C  was  obtained  in  a  formal  way, 
by  means  of  the  multiplication  rules  x  =(x  I  x)  or  xy  -+-  yx  =  2(x  |  y), 
where  x,y  €•  E,  or  eie^  +  ekei  =2(eiJel5;),  where  the  e.^  form  a 
basis  of  E.   Secondly,  C  was  obtained  as  the  operator  algebra 
generated  by  the  operators  P1   (p»  53   )•   Thus  C  appeared  as  a 
subalgebra  of  the  endomorphisms  of  the  space  S  of  skew-symmetric 
tensors  over  E.   Thirdly,  C  appeared  as  the  quotient  algebra  T/l, 
where  T  was  the  tensor  algebra  over  E  and  I  the  ideal  of  T 
generated  by  the  elements  x  ®  x  -  (x  I  x) .   It  follows  from 
our  discussions  that  these  three  models  are  isomorphic. 

Now  we  indicate  the  difficulty  arising  in  the  "direct" 
investigation  of  the  ideal  I  and  the  quotient  algebra  T/l.  We 
consider  a  two-dimensional  vector  space  with  the  basis  elements 
a  and  b   and  the  (Euclidean)  metric 

(a  I  a)  =  (b|b)=l,   (alb)  =0. 
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The  elements  of  the  associated  tensor  algebra  T  will 
be  denoted  by  u,  u1,  v,  v1,  w,  w',  ...  .   The  ideal  I  consists 
of  all  finite  sums  of  products  of  the  threetypes 

u  <8>{a  <S>  a  -  l)<S>u»,v<S>{b(g>b  -  l}<S>  v',  w<S>fa<g>b  +  b(S>  aj®v'. 
It  should  be  shown  that  I  does  not  contain  any  skew -symmetric 
element  of  T.  I  can  not  even  show  (in  a  direct  way)  that  the 
ideal  does  not  contain  the  element  1,  and  consequently  the  entire 
tensor  algebra  T. 

The  difficulty  arises  from  the  fact  that  T  and  I  are 
infinite  dimensional.    As  shown  above,  this  difficulty  can 
be  overcome  by  the  mapping  of  T  onto  a  suitable  finite  dimensional 
algebra . 

The  method  exposed  in  section  1.16  and  in  the  present 

section  is  essentially  due  to  Chevalley  {_  6, pp.  38-42   • 

However,  there  are  some  slight  modifications  to  be  mentioned. 

There  is,  to  begin  with,  a  vector  space  with  a  given  metric  (x  !  y) , 

or   B0(x,y)  in  Chevalley's  notation.   We  wish  to  construct  a 

Clifford  algebra  associated  with  this  metric.   According  to 

Chevalley's  excellent  idea,  this  can  be  done  by  the  construction 

of  an  operator  algebra  exhibiting  the  properties  of  the 

desired  Clifford  algebra.   Chevalley  uses  the  operators 

O  ,  L  ,  L *  -L  +0  ,  acting  on  the  elements  of  the  exterior 
x'  x'   x    x    x7       ° 

algebra  (here  usually  called  Grassmann  algebra )associated  with 
the  vector  space.  The  operator  L   designates  left  multiplication 
by  the  vector  x  in  the  sense  of  the  exterior  algebra.   By  means 
of  the  properties  of  this  algebra  it  is  shown  that  the  L' 
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generate  a  Clifford  algebra  corresponding  to  the  metric  B  (x,y). 

However,  an  exterior  algebra  is  itself  a  Clifford 
algebra  (although  much  easier  to  handle  than  a  general  one).  For 
this  reason  it  seems  more  appropriate  to  construct,  as  done  here, 
an  operator  algebra  acting  on  a  space  such  as  that  of  the  skew- 
symmetric  tensors,  which  has  no  Cliff oraian  character  whatever. 
The  operators  P  ana  P'   used  in  section  1.16  and  in  the  present 
section  correspond  to  the  operators  Lx  and  L^  used  by  Chevalley. 

Obviously  the  two  kinds  of  operators  are  isomorphic. 

Another  difference  lies  in  the  choice  of  the  basis  of 
the  operator  algebra.  The  skew -symmetric  basis  elements  we  use 
have  (in  the  case  when  the  underlying  field  is  of  characteristic 
0)  considerably  simpler  properties  than  the.  proaucts  used  by 
Chevalley;  cf.  in  particular  formula  (I.I6.5).  As  a  matter  of 


fact  L  L'   ;...;  L1      1  is  equal  to  the  exterior  product 

xl        Xp 

of  the  vectors   x, ,...,x  • 

1'       '  p 

1.18.  In  view  of  certain  applications,  we  extend  the 

concepts  of  the  operations  0     and  P  .  previously  defined  for 

g      x 

tensor  algebras,  to  Clifford  algebras.   We  must  be  cautious, 

since  a  Clifford  algebra  is  not  a  graded  algebra  (see  below) . 

However,  it  will  turn  out  that  no  caution  is  needed  as  far  as 

O   is  concerned. 
6 

Incidentally,  a  Clifford  algebra  exhibits  a  certain 
kind  of  gradation.  An  algebra  A    is  called  semi -graded  if 
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it  is  the  direct  sum  of  two  subalgebras  Ji+    ana  Ji  _  such  that 

The  facts  contained  in  formulae  (1.4.8)  can  now  be  expressed 
by  saying  that  C  is  semi -graded.  But  C  is  not  graded,  since 
C  C  is  not  contained  in  C  ,  .   However  the  weaker  but 

Jr    Si  Jr  '  Si 

important  relations 

(1.18.1)  CCcXc  o  ^  k  ^    min   (p,q), 

P  1  p+q-2k 

hold. 

Because  of  the  basic  relations  (1.10.4)  -  (1.10,7), 
any  element  of  a  Clifford  algebra  can  be  written  in  infinitely 
many  ways.  For  example 

yz  =  2(y  I  z)  -  zy  =  2(y  I  z)  -  zy  +  y2  -  (y  |  y). 

These  elements,  identical  in  the  Clifford  algebra  associated 
with  the  metric  (x  |  y),  are  entirely  different  when  considered 
as  belonging  to  the  tensor  algebra.  However,  applying  to  them 
an  operation  O  ,  as  defined  in  sensorial  algebra,  we  get 
identical  elements  of  the  Clifford  algebra. 

This  fact  is  best  explained  by  means  of  the  ideal  I, 
treated  in  the  preceding  section.   We  prove  that  a  €  I 
implies   O  a  G   I.  Indeed,  if  y  €  T-,  ,  then,  according  to  (1.14.2), 

o 

o(y®  y)  =  g(y)y  -  y  .  g(y)  =0,  since  g(y)  is  a  scalar.  Since 
s 

S„   1  —  0,  we  have 

(1.18.2)  £    (y®y  -  (yl  y))  =0. 

g 
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(From  this   it  follows  by  polarization  that  o    (y®z+z<S>y  -  2(y|z))=0.) 

S 

On  the  other  hand,  it  follows  from  (1.1^.2)  for  u,v,w  6T  and 
O  v  =0,  that 

o 

(1.18.3)  O    (u<8)  v<S>w)=du®v<8>w   +  Ju®  Jv®3  w. 

8  S  6 

Every  element  of  I  is  a  linear  combination  of  triple  products  of 
the  above  form,  with  v  equal  to  some  y<S>y  -  (y  1  y) .   Thus 
O   v  =  0,  according  to  (1.18.2),  and  Jv  =  v.  Consequently, 
the  right  hand  side  of  (1.18,3)  again  belongs  to  I  and  our 
assertion  follows ,   This  implies  that  the  operation  o„   is  well 


This  being  the  case,  the  operation  o  can  be  applied  to 

o 


defined  on  the  quotient  algebra  T/l  =  C . 

nS 

g 

a  Clifford  number  according  to  the  rules  given  in  tensor ial 
algebra,  quite  independently  of  the  form  in  which  this  number 
raay  appear.   We  also  have  O ~Cp  C  C»_-l  . 

However,  this  favorable  situation  aoes  not  exist  for  the 
operators  Px.   A  straightforward  calculation  shows  that  for  y  €  T1 

we  have  P~(y  <85  y  -  (y  I  y))  —  -  -»-(x  \  y)  y   (moo  I)  which  is  4s   ° 

3 

and  does  not  even  belong  to  I, 

A  satisfactory  solution  is  offered  by  the  fact  that  any 
Clifford  number  can  be  expressed  in  an  essentially  unique  way  as 
linear  combinations  of  commutators  of  Clifford  vectors.   (This 
means  that  all  the  possible  expressions  are  equal  also  when 
considered  as  elements  of  the  tensor  algebra  T.)   The  operations 
P   defined  for  these  expressions  according  to  tensor  rules  give 
a  uniquely  determined  result.   For  example 
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and 


P  (yz)  =P  ((y  I  z)  +  [y;z])  =  (y  I  z)x+[x;y;z] 

X  X 


P  (zy)  =P  ((y  I  z)  -  [y;zj  )  =  (y  I  z)x  -[x;y;z]  . 

X  X 


Formal  audition  yielus  Px  (yz  +  zy)  =  2(y  I  z)x,  which  is  correct, 
since  yz  +  zy  =  2(y  I  z).   Formal  subtraction  yields  P  [*y,zj 

=  2  [x;  y;  z J  ,  which  also  is  correct,  since  it  is  equivalent 
to  P  fy;zj  =  £x;  y;  z]  .    We  shall  noi  inquire  further  into 
these  questions,  since  we  will  apply  Px  only  to  linear 
combinations  of  p-vectors  (also  for  a iff erent  p) . 

Let  C  be  a  Clifford  algebra,  x  a  vector  in  C  an. 
V   a  simple  p-vector  in  C .   We  are  interested  in  the  product 

x  V     It  follows  from  (1.18.1)  that  x  V^  e  C  .  +■  C    .   We 
P  P     p-1    p-t-i 

wish  to  show  that,  x  V  =  V    +  V    ,  where  V      is  a  simple 

P    p-1    p+1         P-1 

(p-l) -vector  and  V   ,   a  simple  (p -Hi) -vector,   (similarly  for 

right  multiplication  by  x.)  The  uniqueness  of  such  a  decomposition 

is  obvious  since  C  is  the  direct  sum  of  the  C  . 

P 

We  first  express  V  ,   and  V       in  a  way  where  the 

P-1      p+l 

operations  o  an  a  Px  are  not  involves.   We  write 

(1.18.4)  V   =i(xV  -(-1)PV  x)   and  V   =4(xV  +(-1)%  x) . 

p-1      p       p         p-J-lP       p 

p 
This  obviously  gives  xVp  =Vp_1  +  Vp  +  1(and  (-1)  V^V^-Vp^) . 

We  prove  that  the  right  hand  side  of  the  first  equation  (1.18.4) 
yields  a  simple  (p-l) -vector  V  ,  orthogonal  to  x  ana  that  the 
right  hand  side  of  the  second  equation  yields  a  simple  (p-Hl)- 
vector  V  .  .   spanned  by  x  and  V  .   The  proof  will  partially 
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follow  a  proof  given  in  section  1.14. 

Consider  an  orthogonal  basis  for  the  space  E  spanned 

by  V  ,  as  indicated  in  section  1.7 .  Then  V   can  be  written 

as  the  product  of  the  normalized  basis  vectors 

V  =  f , f 0 • • •  f  .   If  x  is  orthogonal  to  E  ,  that  is  to  all 
p    1  2     p  °        p' 

vectors  f^  then  x  anticommutes  with  the  f^,  which  gives 
xVp  =  (-1;  Vpx.   Hence  the  right  hand  side  of  the  first 
equation  of  (1.18.4)  vanishes  and  the  right  hand  side  of  the 
second  of  (1.18.4)  becomes  xf.....  f  ,  that  is  the  (p  +  l) -vector 
spanned  by  x  and  V_. 

If  x  is  not  orthogonal  to  Ep,  there  exists  a  (p-l)- 
dimensional  subspace  S  -,  of  E  to  which  x  is  orthogonal 

(cf .  section  1.14,  p.  45  )  .     We  use  this  fact  in  the 

proof  and  discussion  of  the  first  of  the  formulae  (1.18.4). 

Let  V  =ryn:...;  y     and  let  z, ....  z  be  a 
p  Lrfl*     ^pJ  1'     p 

normalized  basis  for  the  space  E  spanned  by  the  vectors 


y1>«.«>  y   such  that  [z  ;...;  z  ^[y^;...;  y  ], 


and 


moreover  such  that  the  vectors  z  .....  z    lie  in  the  sub- 

l'      p-1 

space  E  ., ,  and  hence  are  orthogonal  to  x.   The  p-vector 
p-1 

V  =[z,;  z2;...;z  ]   is,  up  to  a  factor  l/p/  ,  the  sum  of  the 
expressions 

*         o<    <x   p   (x  / 
1     k       p-1 

where  the  c< .  are  a  permutation  of  the  indices  1,...,  p-1. 
Since  x  anticommutes  with  the  z^  ,  we  have 

KxA^  -(-1)  A^x)  -*-...■   B,  ...  »     , 

1     k        p-1 
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\    i"'1'     xzp  "  (-1)      zpx) 


=  (-l)k  i(xzp  +  zpx)  =  (-l)k  (xlzp). 
Since  (x  I  z  )  is  a  scalar,  it  follows  that 

±i(xA„-(-l)\x)  =  (-l)k  (x|zp)(  hcfe...*^   > 

o<x  ...o^  p.,.0^^  p.i-kOi...VlP 

The    ±  designates    8  =  (-l)  £ 

p-l-k      <*]_...  C^p-l 
—   ("1/  £  ;   hence 


J(x  Vd  -   (-1)P     V  x)  =  -JL- £±(xA     -(-l)P  A^x) 

-(-1)  p/         p^£  •«1...  ^ 

(for  the  factor  p  cf.  the  deduction  of  formula  (1.14.4)). 

Consequently 

JP-1, 
P  P 

For  the  last  identification  see  (1.14.5)  and  (1.9.5). 

The  second  of  the  formulae  (1.18.4)  becomes  in  explicit 
form 

i  {  x[yx;...;  yp]+(-i)  [y^..*;  yp ]  x  } 
(1.18.6) 

We  shall  deduce  it  from  the  following  assertion  to  which  it  is 
virtually  equivalent.  The  expression 


(1.18.5)     i(x  v  -  (-i)p  v  x)=(-i)p"1(x  1  z)rv-'zP-i^xvp- 


(1.18.7)  (-1)  ^[xp...,^,  ...,xq]+(-l)    [x1,...,  x^,  ...,xq"]  Xj^} 
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is  independent  of  k. 

This  assertion  becomes  x_  x  -  x  x  =  -(x  x  -  x  x  )  for 
q=2,  which  is  obvious.   We  suppose  that  the  assertion 
corresponding  to  q-1  is  valid,  that  is 

(1.18.8)   (-if"1^^ 

is  independent  of  k.   According  to  (1.9.6)  we  have 

(1.18.9)  [Xl,...,x;,...,xq]=i  E((-i)iL1x.coikH2((-i)1,4q",1r.jikxi), 

i+k  i=k 

where,  as  in  formula  (1.16.7),  the  symbol  £•  ]  -k  denotes  the 
commutator  of  the  elements  x,,...,  x  after  the  omission  of  x  and 

Xi  from  the  sequence,  and  i*  =  i  if  i<k  and  i'  =  i-l  if  i  >  k.  By 
virtue  of  the  assumption  relative  to  (1.18.8),  the  terms  on  the  right 
hand  side  of  (1.18.9)  corresponding  to  different  values  of  i  are  all 
equal,  and  consequently  equal  to  the  term  corresponding  to  any 
fixed  J  ^=  k.   Hence,  for  brevity  setting  [x..,  . .  ,,x,  ,  . .  .,x  ]=[. .  .x,  . . .] 

and[«]Jk  =  [•],  we  have 

[...x^...]=i(q-l)  {  (-D^x.  [.J+(-l^[.]  Xj}, 

From  this  it  follows,  after  obvious  reductions  modulo  2  in 
the  exponents,  that 

(-i)*"1^...^...]  +  (-D^C.x;...]  ^i 

=4(9-1) (-D^^C.]-  r.Jxjxk^(-l)qxk[.]xJ-K-l)q"1xjC.]  xj. 

Defining  k'=k  if  k  <  j  and  k'  =  k-l  if  k  >  j,  we  find  by 
symmetry  that 
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(-l)-5"1!*,  [  ...  x\...]  +  (-l)9-1  [...X....]  X.  } 


3       J    '  '    L j' 


«i(q-l)  (-l)^*}^.]  -Mx^  +  C-l^x/Ox^-l^-VOx.)}. 


Ve  assert  that  the  difference  of  these  two  expressions,  corresponding 
to  k  and  j  respectively,  vanishes.   Since  (k  ■+-  j1)  +  ( j  +-k') 
=  2(k-f-  j)  -  1,  k  ■+•  y     and  j  -H  k1  have  different  parity  (cf  .(1.16.8)). 
Hence,  after  suppression  of  an  unessential  numerical  factor,  the 
difference  is 

(Wxjxk)[-]  -  to  UjXk  +  xkx.). 

The  last  difference  vanishes,  since  (x,x.  4-x.x.  )  =  2(x,  I  x.)  is  a 
scalar.   (As  a  matter  of  fact,  this  is  the  only  place  where  the 
Cliffordian  character  of  the  vectors  enters  into  this  rather 
involved  computation.) 

The  fact  that  (1.18,7)  is  independent  of  k,  which  now  is 
proved,  yields  "by  means  of  (1.9. 6), 

(1.18.10)  [x1,...,xq]  =  (-If**  -IqfxJ^,...,^,...^ J+(-lP"  [xL,..^,..^xJxk} 

which  (in  somewhat  altered  notations)  is  identical  to  the  formula 
(1.18.6)  to  be  proved  originally. 

It  is  remarkable  chat  in  Clifford  algebras  the  expansion 
formulae  (1.9. 6)  or  (1.9. 7)  can  be  replaced  by  the  much  simpler 
formulae  (1.18.10)  or  (1.18.6),  which  show  that  the  successive 
commutators  £x,,...,  x/]  ,   i  —1,2, ...>  have  a  very  simple 
recursion  law. 

We  return  to  the  derivations  ox.   From  (I.I8.5)  it  follows 
by  linearity  that  for  an  arbitrary  u  e  C   we  have 
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(1.18.11)  ixu  =  -|(xu  -   Ju  •  x). 


In  fact,  we  can  take  this  as  a  formula  defining  the  derivations 


in  Clifford  algebras.  Let  us  in  any  case  check  ohe  properties 


of  such  a  o  .   From  (1.18.5)  it  follows  that  o   is  a  linear  mapping 


of  C  into  C   ,  i.e.  it  is  of  degree  -1.   Moreover  if  y  £  C,, 
P      p-1  "  1' 

then   ox  y  =  i(xy  +  yx)  =  (x  \  y),  as  it  should  be.   A  straight- 
forward computation  shows  that  the  basic  multiplication  rule 
(1.1^.2)  is  also  satisfied.   However,  we  want  to  show  this  in  a 
more  general  connection. 

Let  Ji    be  an  arbitrary  algebra  and  co  an  arbitrary  auto- 
morphism of  JI   .   Let  a  be  a  fixed  element  of  Ji  and  set 

(1.18.12)  D  u  =  ^(au  -  cou.a),    u  e.  JI 

(the  factor  -J  could  be  omitted  or  replaced  by  any  other  scalar 
factor).   We  have  for  u,  v  €:  JI 

(1.18.13)  D  (uv)  =  D  u.v+cJu.D  v. 

a       a  a 

Indeed 

Da(uv)  —  ^(a  .  uv  -Cid(uv)  .  a)=-§-(a  .  uv  -  cou.c^v  .  a) 
and 

Da  u  .  v+cju  .  Dav  =  \  {(au  -  cou  .  a)v-HOu(av  -ov.a)  j 

=  ■§■  (auv  -cou  .  CJv  .  a). 
This  proves  (1.18.13),  which  includes  our  last  assertion  concerning 

From  (1.18.13)  it  follows  that  Do  1=0.   However  this 

a 

follows  directly  from  (1.18.12),  since  col  =1. 
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If  the  algebra  Ji   is  graded  and  the  element  a  homogeneous 

of  degree  V   ,  then  D   is  a  sort  of  a  derivation  of  degree  V  . 

a 

No  such  simple  multiplication  rule  can  be  given  for  the 
operation  u  — >  |r(au  +  wu.a)  suggested  by  the  operator  P  .  But 
one  should  not  forget  that  Px  itself  has  no  simple  multiplication 
rule  either;  it  is  M   or  M    which  have  one. 

However,  if,  in  a  Clifford  algebra,  we  define 

(1.18.14)  P  u  =-|(xu  +-  Ju  .  x), 

A 

for  x  ^  C^  then,  for  p-vectors  u  ,  we  again  have  the  expression 
(1.18.6),  that  is 

(1.18.15)  Pxup  =  |(xup  +■  (-1)P  up  x), 
originally  given  for  simple  p-vectors  V  . 

XT 

1.19.  Finally,  we  give  an  application  of  the  derivations 

0        to  a  problem  concerning  the  square  of  a  bivector.  From  the 
g 

fact  that  a  simple  p-vector  V   can  be  written  as  the  product  of 

Jfcr 

p  mutually  orthogonal  vectors,  it  follows  by  anticoramutativity  that 

2 
V_   is  a  scalar.   For  the  case  of  a  simple  bivector   we  give  an 

alternative  proof  not  using  orthogonalization.   A  simple  "bivector 

can  be  written   F  ==•  -J-(xy  -  yx)  =  [x;y]  ,  where  x  and  y  are 

vectors.   We  write  (cf.(l.8.l)) 


xy 


=  i(xy  +  yx)  +  i(xy  -  yx)    =   (x  I  y)  +  [xjy] 


and 


PC 


=  (x  I  y)  -   I>;yJ  • 


Hence 


xyyx  =  ((x  I   y)+[x;y])   (x|  y)  -    [x;yj), 


-  68  - 


or     "the  identity  of  Lagrange" 


2  2 

(x  |  y)        -(x  I  x)  (y  |  y)  =  [x;y]   , 


which  again  proves  that  the  square  of  a  simple  bivector  is  a 
scalar.   There  is  also  a  converse  statement.   We  will  prove: 

A  necessary  and  sufficient  condition  for  a  bivector  F  to  be 

2 
simple  is  that  F  is  a  scalar.   The  unproved  part  of  this 

assertion  can  be  established  in  the  following  way. 

Let  g  and  h  be  linear  functions  on  C  ,  and  set 

l' 

o   F  —  u,  a .  F  —  v.   Then  u,  v  e  C_  that  is  u  and  v  are 
g         h  '1 

p 
Clifford  vectors.   Since,  according  to  our  assumption,  F  is 

a  scalar,  we  have  OJ1     =  0,  or, by  virtue  of  (1.1^.2), 
OF.F  -HJF.  O    F^O,  or,  on  account  of  <3  F=u  and  JF=F, 

(1.19.1)  uF  +  Fu  =0. 

Hence  also  ^(uF  +  Fu)  =  0.   According  to  C    u=h(u), 
Ob(F)  =  v,  Ju  =  -u  and  formula  (1.14.2),  we  obtain 

h(u)F  -  uv  +  vu  +  F  h(u)  =  0, 
or,  since  h(u)  is  a  scalar, 

2h(u)F  =  uv  -  vu. 
We  assert  that,  if  F  =^  0,  there  exist  such  linear  functions  g  and  h 
that  h(u)  =£  0.   This  being  admitted  for  a  moment,  we  can  write 

(1.19.2)  F  =  i—  (uv  -  vu), 

2h(u) 

where  the  right  hand  side  is  a  simple  bivector,  which  is  the  desired 

result. 

Let  us  look  at  h(u).  The  general  relation  o    a+^o^O 

h  g  g  h 
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(cf .  section  1.14,  p.  43  )     applied  to  F  yields  the  skew 
symmetry  relation  h(u)  +■  g(v)  =  0,  or  h(u)  =  -g(v),  which 
establishes  the  symmetry  in  g  and  h  of  the  formula  (1.19.2). 
Now  we  prove  that,  if  F  =p0,  two  linear  functions  g  and  h  can  be 
found  so  that  h(u)  =  -g(v)  =  O  ,  o   F  ^=  0. 

u   g 

For  any  fixed  basis  e, , . ..,  e  of  C_  =  E  we  set  g(e.)  =  g., 

h(e,  )  =  h,  ,  where  the  scalar  values  g.  and  h,  ,  which  can  be 
chosen  arbitrarily,  determine  the  linear  functions  g  and  h  (cf . 
section  1.13).   We  find  according  to  (1.14.2)  that 

(1.19.3)  Og(eiek)=giek  -  &±e^,   ^h(eiek)  =  hiek  "  W 

On  the  other  hand  (cf.  (1.8.2)  and  also  (4.11.5))  the  biveccor  F 
can  be  written 

(1.19.4)  F=i  21^  eiek      Fik=-Fki. 

i,k 

Using  the  last  condition  and  (1.19«3)>  we  easily  find  that 

(1.19.5)  u=£  F-Z  Fik  g.ek  ,  v  =  <?hF  -ZFik  h±< 


i,k  i,k 


and 


(1.19.6)  h(u)  =  -g(v)  =  $   <£ '  F  -  2Fik  g.  h^. 

n  s   i,i 

The  assumption  F  =p  0  is  the  same  as  the  assumption  that  not  all 

the  coefficients  F"  vanish.   Under  this  assumption  the  skew- 

symmecric  form  (1.19.6)  does  not  vanish  identically.   (if,  for 

example,  F   =£=0,  we  can  chose  g,  =  hp  =  1  and  all  the  other  g. 
and  fcu^O.)   This  completes  the  proof. 
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We  wish  to  explain,  why  we  have  been  working  with  general 

derivations  o    and  0,  and  not  with  special  ones  O         and  o  .   In 
g     h  x       y 

the  latter  case,  one  can,  in  view  of  (1.18.5),  write  explicity. 

u*<$JF  =4(xF  -  Fx),   v=dyF=-|(yF  -  Fy) 

and 

P  P  2    P 

uF+Fu  =  J(xF  -  FxF  +  FxF  -  F  x)  —  J(xF  -  F  x)  =0 

if  F2  is  a  scalar.   Hence 

0  =  y(uF  +*Fu)  +"  (uF+*Fu)y   —  y  Fu  +  uFy   +■  yuF   +•  Fuy 

=  (yF     -  Fy)u  +  u(Fy  -  y  F)    ■+-  (yu  +  uy)  F   +  F(uy  +   yu) 

=  2(vu  -  uv)  +■  k(y   I  u)  F. 
This  is  seemingly  the  same  result  as  above.   The  difference  is 
xhat  in  the  case  of  a  singular  metric  there  may  not  exist  two 
vectors  x,y  £  Cj  such  that  the  scalar  product  (y  I  u)  =fc  0. 
For  example,  in  the  case  of  a  Grassmann  algebra  all  scalar 

products  vanish.   On  the  contrary  the  derivations  o    are  not 

6 

influenced  by  the  metric. 

To  our  result  about  a  simple  bi vector  we  add  the  following 

2 
remark.   If  F  is  an  arbitrary  bivector,  then  F   is  the  sum  of  a 

scalar  and  a  ^-vector,  that  is  F  =■  cQ  •+-  c^,  where  c,  €C,  .   Indeed, 

a  priori,  r     could  be  the  sum  of  a  scalar,  a  bivector  and  a  if- vector, 

p. 
F  =  cQ  +■  c2  -+•  c^   (cf  .(1.18.1)).  Performing  a  reversion  (cf. 

section  1.4,  p«  13  )   we  obtain  F2  ~c'"l"cl  +  c^.  From 

^-/ 

F   =  IT,   c*  =c  ,  cJ=Ck,  c'pS-Cp,  it  follows  that  c2  =0,  which 

was  to  be  proved.  Hence,  our  result  about  a  simple  bivector  can  be 
interpreted  by  saying  that  in  the  square  of  a  simple  bivector  the 
4-vector  does  not  appear  and  vice  versa. 
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Chapter  II 


Rotations  and  Reflections 


2.1  We  begin  with  the  following  elementary  theorem 
due  to  Hamilton.  Let  ABC  be  a  triangle  in  the  plane  and 

suppose  that  its  three  angles 


ex 


Z3'  % 


are  oriented  in  the 


Jk'Xg»   i, 


same  way.  Let  P  be  an  arbitrary 
point  of  the  plane.  If  we  ro- 
tate P  first  around  A  by  the 
angle  2(X,  then  around  B  by  the 
angle  2/3  and  finally  around  C 
by  the  angle  2  V  ,  then  P  returns  to  its  original  position. 
The  proof  of  this  theorem  depends  on  the  following 
principle,  also  due  to  Hamilton.  A  rotation  in  the  plane  around 
a  center  0  by  an  angle  2cx  is  equivalent  to  two  successive  re- 
flections in  two  lines  of  the  plane  through  0  making  an  angle  <x 
Indeed,  let  a  and  b  be  two  such  lines.  Let  P  be  any  point  in 

the  plane.  Denote  by  P1  the 
point  obtained  by  reflecting  P 
in  a  and  by  P '  the  point  ob- 
tained by  reflecting  P   in  b. 
clearly  OP  s  OP7 -  Op"  and 
<£POP   s  2  ex  and  thus 
Hamilton's  principle  is  proved. 
The  theorem  stated  at  the  outset  follows  now  by  the 


A 
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inspection  of  Fig.  3.  The  three 

rotations  can  be  decomposed  into 

six  reflections.  The  successive 

positions  of  the  point  are  P,  Pf, 

P^PSP*1,?1 ,?.  Let  us  observe 

that  the  same  theorem  holds  for 

triangles  on  the  sphere.  In  both  ^-g*  3 

cases  the  theorem  can  be  extended  to  an  arbitrary  polygonal. 

Let  us  now  consider,  in  3 -dimensional  Euclidean  space, 
a  vector  x  «  OP  which  does  not  lie  in  the  plane  spanned  by 
the  lines  a,  b.  We  show  that  a  rotation  around  an  axis 
through  0  and  perpendicular  to  a  and  b  can  also  be  decomposed 
into  two  successive  reflections  in  the  lines  a  and  b  respect- 
ively. Indeed,  x  can  be  decomposed  x  a  x  4-  x    ,  where  x 
lies  in  the  plane  ab  and  x^  is  orthogonal  to  it.  Now  x,  is 
left  invariant  by  the  rotation,  whereas  a  reflection  changes 
Xj_  into  -x^  ,  thus  two  successive  reflections  also  leave  x^_ 
invariant.  On  the  other  hand  the  two  successive  reflections 
transform  x.,  into  the  corresponding  component  of  the  rotated 
vector,  as  follows  from  the  plane  case  considered  above.  This 
proves  our  assertion. 

In  the  following  pages  we  shall  generalize  this  situ- 
ation and  obtain  an  analytic  expression  for  rotations  in 
n-space. 

2.2  Let  E  be  an  n-dimensional  vector  space  over  a 
field  F,  which  in  this  chapter  will  be  exclusively  the  field 
R  of  the  real  numbers.  Let  there  be  given  on  E  a  regular 
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metric  (x  |  y).  We  recall  (see  sec.  1.7  and  3.3)  that  such 
a  metric  is  a  function  of  the  two  variables  x,y  £E,  taking 
its  value  in  F  and  satisfying  the  following  conditions: 

(a)  (x  I  y)  =  (y  I  x), 

(b)  (A  x±-tjUx2  I  y)   =  ACx^yJ+ytlUgly),     \ju  €F, 

(c)  for  every  O^xGE     there  exists  a  y   e  E  such 
that  (x  I  y)  f  0. 

We  also  know  that  if  e,,   e„, ...,   e       is  a  "basis  of  E, 

1   2      n  ' 

then  for  x  r  /~\     x.e.  and  y  s  y~*    ye.  we  have 

Q   x      i=i  i 

n 

U I  y)  =   /2       gij  x.yj  ? 

where  g^-j  r  gji  and  det  (gjr-s)  x°*  Furthermore  there  exists 
a  basis  of  E  such  that  gi4  »  0  for  i  =j=  j,  which  implies  of  course 
that  g^  =j/=0  (i  ■  1, ...,n).  From  our  point  of  view  the  two  most 
important  particular  cases  are  the  Euclidean  metric,  which, 
with  an  appropriate  choice  of  the  basis,  can  be  written  in  the 
form 

(x  I  y)  =  x^  -H  x2y2  +-  . . .  -h  xnyQ  , 
and  the  Lorentz  metric,  which  can  be  written  in  the  form 

(x  I  y)  =  x1y1  -  x2y2  -  ...  -  xnyn  . 
Finally  let  us  recall  that  two  vectors  x  and  y  are  said  to  be 
orthogonal  if  (x  |  y)  *  0  and  that  a  non  zero  vector  x  is  said 
to  be  isotropic  if  (x  I  x)  ■  0. 

Let  A  be  an  endomorphism  of  E,  i.e.  a  linear  mapping 
of  E  into  itself.  We  say  that  A  is  an  isometry  or  an  auto- 
morphism of  the  metric  (x  I  y)  if  we  have 
(2.2.1)  (Ax  I  Ay)  =  (x  I  y) 
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for  all  x,y  €  E.  Clearly  the  totality  of  the  isome tries  of  a 
given  metric  forms  a  group. 

Let  V  he  a  hyperplane,  i.e.  a  maximal  proper  subspace 
in  E  and  suppose  that  V  is  regular.  This  means  that  no  vector 
of  V  is  orthogonal  to  V  or,  in  other  words,  that  the  restric- 
tion of  the  metric  (x  I  y)  to  V  is  regular.  Then  E  is  the  di- 
rect sum  of  V  and  a  straight  line  a  orthogonal  to  V  (see 
sec.  1.7).  Let  x  he  an  arbitrary  vector  of  E.  Then  x  can  be 
decomposed  in  a  unique  vay  into 

x  =  x(|  +  Xj_, 
where  x..  e  V  and  x  .   is  collinear  with  a.  Define  the  linear 
operator  S  by  setting 

Sy  x  =  x^  —  x^  . 
Sy  is  obviously  linear  and  is  called  the  symmetry  in  the  hyper- 
plane V.  Since  (x..  I  v.)  =  (x  lyj  ■  0,  we  have 

(Syx  I  Syy)  »  (x   -x±|  y^  -  y^)  = 
=  (xtf  I  y  )  +  (x±  I  y±  )  =  (x  +   XjJ  y^  +  yj  r  (x  |  y) . 

Thus  the  linear  transformation  S  is  an  isometry. 

The  following  theorem  is  due  to  E,  Cartan  and  has  been 
extended  by  Dieudonne  to  the  case  of  an  arbitrary  field  of 
scalars: 

Let  A  be  an  isometry  of  E.  Then  A  can  be  written  as 
the  product  of  at  most  n  symmetries  in  regular  hyperplanes  of 
E. 

The  reader  can  find  the  proof  for  an  arbitrary  field 
and  an  arbitrary  metric  in  Artin's  book  /l  ,   pp.  129-1307» 
Here  we  restrict  ourselves  to  the  real  field  and  metrics  with 
Euclidean  or  Lorentz  signature.  In  the  first  case  the  proof 
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is  a  very  simple,  due  to  the  absence  of  singular  subspaces. 
In  the  second  case  the  proof  is  less  simple,  and  the  reader 
should  postopone  its  study  until  he  becomes  familiar  with  the 
content  of  section  3.6. 

We  begin  by  the  Euclidean  case.  The  proof  proceeds 
by  induction.  For  n  s  1  the  theorem  is  obviously  true.  Let 
us  suppose  that  the  theorem  is  true  for  all  isometries  of  an 
(n  -  l)  -  dimensional  Euclidean  space. 

1)  Suppose  first  that  there  exists  a  non  zero 
vector  x£E  such  that  Ax  =  x.  Let  H  be  the  hyperplane  formed 
by  all  vectors  orthogonal  to  x.  The  isometry  A  maps  H  into 
itself.   Indeed,  if  y  G  H,  then  (x  I  y)  =0  and  thus   (x  I  Ay)  = 
(Ax  I  Ay)  =  (x  I  y)  =  0,  i.e.  Ay  £H. 

Let  A^  be  the  restriction  of  A  to  fl.  It  is  clear 
that  A^  is  an  isometry  of  H.  By  the  induction  hypothesis  there 
exist  r^n-1  hyperplanes  V,,  ...,V   of  dimension  (n-2)  in  H 

such  that  AH  is  the  product  of  the  symmetries  S~  ,  ...S~  in 

1      r 
these  hyperplanes. 

Call  L  the  one -dimensional  subspace  of  E  generated 

by  x  and  let  V.  be  the  direct  sum  of  L  and  V.  (i  =  1, ...r). 

Clearly  V.  is  an  (n-l) -dimensional  hyperplane  of  E.  It  is  also 

clear  that  the  restriction  of  the  symmetry  S   to  H  is  exactly 

vi 

S~>  (i  =  1,...,  r)  and  that  A  is  the  product  of  the  r  <  n-l 
V 

i 

symmetries  S  , . . .S^  . 

1      r 

2)  Let  now  A  be  an  arbitrary  isometry  (different 
from  the  identity)  and  let  x  be  a  vector  such  that  Ax  =x.  Since 
(Ax  I  Ax)  S  (x  I  x),  ve  have 
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(2.2.2)  (Ax  -  x  |  Ax  +  x)  :  0. 

Let  H  "be  the  hyperplane  orthogonal  to  the  vector  Ax  -  x  and 
let  SH  be  the  symmetry  in  H.  By  virtue  of  (2.2.2)  the  vector 
Ax  -f-  x  belongs  to  H  and  thus 

(2.2.3)  SH  (Ax  H-  x)  =  Ax  +  x. 
On  the  other  hand 

(2.2.10  S„  (Ax  -  x)  =  x  -  Ax. 

Adding  relations  (2.2.3)  and  (2.2.4)  we  obtain.  str^  =  x» 

Now  StjA  is  clearly  an  isometry  and  hence  it  follows  from  part 

l)  of  the  proof  that  S^  =  S  . ..  S  ,  where  r  ^  n-1  and  the 

H      V.     Vr 

S   are  symmetries  in  hyperplanes  V.  (i  *   1, ...,  r) .  Hence 
vi 

we  obtain 

A  =  SH  Sv   •*•  SV 

1      r 

and  since  r  +  1  ^  n  ,  the  theorem  is  proved  in  the  case  of 
a  Euclidean  metric. 

We  now  turn  to  the  proof  of  the  theorem  in  the  case 
of  a  Lorentz  metric.  The  proof  follows  closely  the  steps  of  the 
Euclidean  case.  We  suppose  that  the  theorem  is  true  for  all 
(n-l) -dimensional  Lorentz  spaces  and  we  shall  also  make  use 
of  the  fact  that  it  is  true  in  Euclidean  spaces. 

l)  Suppose  first  that  there  exists  a  non  isotropic 

vector  x  ^  E  such  that  Ax  «  x.  The  hyperplane  H  orthogonal 
to  x  is  either  time -like  or  space-like.   In  either  case  the  re- 
striction A  of  A  to  H  is  the  product  of  the  symmetries  S~  ,..., 
•H  Vl 

S^  ,  where  r  ^  n-l  and  V  ,...,V  are  regular  hyperplanes  in  H. 
V  1      r 

r  x 

Defining  the  hyperplanes  V.  (i  a  l,...r)   of  E  as 

the  direct  sum  of  V.  and  of  the  line  generated  by  x,  we  see 
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that  A  =  S   ...S   and  that  the  V  are  regular  hyperplanes  in  E. 
i     r 

2)  Let  x  he  any  time -like  vector  and  set  Ax  =  y. 

We  suppose  that  y  -  x  =^0  and  we  show  that  y  -  x  is  not  isotropic. 

Indeed,  since  (y  I  y)  a  (x  I  x),  we  have 

(2.2.5)  (y  -  x  |  y  +  x)  =  0 
and 

(2.2.6)  (y  ±  x  I  y  ±  x)  =  (y  |  y)  +(x  I  x)  ±  2(y  I  x) 

:2  {  (xlx)  ±  (ylx)}. 
Since  x  is  time -like,  y  is  also  time -like  and  (see  sec.  3»6) 
(x  I  y)  ^  0.  If  (y  I  x)  >  0,  then  by  (2.2.6)  y  +  xis  time- 
like and  by  (2.2.5)  y  -  x  is  space-like  (see  sec.  3.6).  If 
(ylx)  <  0,  then  by  (2.2.6)  y  -  x  is  time-like.  In  either 
case  y  -  x  is  non  isotropic. 

From  here  on  the  proof  is  exactly  as  in  the 
Euclidean  case.  Let  H  be  the  hyperplane  orthogonal  to  y  -  x. 
Then  H  is  regular,  because  y  -  x  is  non  isotropic.  Hence  SgAx  -  x 
and,  since  x  is  time -like,  it  follows  from  part  l)  of  the  proof 

that  SjjA  a  Sy  ...  S  ,  i.e.  A  a  S^3y  ...  S   ,  where  rfl^n 

i      r  1     r 

and  the  V^  are  regular  hyperplanes  in  E.  Thus  the  theorem  is 

proved  also  in  the  case  of  a  Lorentz  metric. 

2.3  We  shall  now  express  the  results  of  the  previous 
section  with  the  help  of  Clifford  numbers.  As  usual  we  identify 
(see  sec.  1.^)  the  vector  space  E  with  the  subspace  C-,  of  the 
Clifford  algebra  C  over  E  associated  with  the  regular  metric 
(xj  y). 

Let  y  be  a  fixed  non  isotropic  vector  in  S  =  C,  .  Such 
a  vector  y  is  invertible ,  and  its  inverse  is  y   s  y/(yl  y). 
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We  want  to  interpret  the  transformation. 
(2.3ol) 


Syx  =  y^xy  , 


x€E, 


,-1 


where  the  product  y  xy  is  to  be  understood  in  the  sense  of  the 
Clifford  algebra.  The  vector  x  can  be  decomposed  in  a  unique 
way  into  x  =  x,  4-  x„,  where  x..  is  collinear  with  y  and  xp 
orthogonal  to  y.  From  x,  =  A  y  it  follows  that  x  commutes 
with  y,   i.e.  y~  x  y  =  y"  yxj  =  x...  On  the  other  hand  x2 
anticommutes  with  y  since  Xgy  +  yx2  =  2(x2  |  y)  :  0  and 
thus  we  have  y"  x2y  s  -  y~  yx2  =  -  x2.  Combining  these  two 
results  we  obtain  that  y"  xy  «  x-,  -  x2.  In  other  words, 

S„x  s  y  xy  is  the  vector  ob- 
tained by  reflecting  the  vector  x 
in  the  vector  y.  Let  V  be  the 
hyperplane  orthogonal  to  y. 
Then  x..  is  the  component  of  x 
orthogonal  to  V  and  x  the  com- 
ponent of  x  lying  in  v,  that  is, 
with  our  former  notations, 

x_  ■  x„  .  Hence  ve  have 
1    J-' 

(2.3.2)  S^  n   x(| 

It  follows  from  the  theorem  of  section  2.2  that  every  isometry  A 


S„x=-y     xy 


Fig.    4 


Xl  =  XJ_'   X2  '  X||    * 
-  x^-  -  y^xy. 


of     E     can  be  written  in  the^  f orm 
(2.3.3) 


r  -l 


-l. 


yv  > 


...  y    are  non  isotropic  vectors  in  E. 


Ax  a  (-1)  yj1-  ...  y~  xy-L  .. 
where  r^  n  and  y,, 

The  vectors  y,, ...,  y_  ,  where  r  in  general  attains  its 
maximal  value  r  =  n   ,  can  be  chosen  with  a  very  great  freedom, 


so  they  obviously  are  not  uniquely  determined.  Even  when  they  are 
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normalized  by  the  requirements  (y,  |  y  J  s  +  1,  the  formula  (2.3.3) 
still  includes  in  general  n(n-l)  parameters.  On  the  other  hand, 
an  isometry  is  determined  "by  half  this  number,  i.e.  by  |n(n-l) 
parameters.  Indeed,  if  G  r  (g..  )  is  the  matrix  of  the  metric, 
then  the  fact  that  A  is  an  isometry  is  expressed  by  the  matrix 
equation  A  GA  =  G,  vhere  A  is  the  transpose  of  A.  Since  G 
is  symmetric,  this  gives  -|n(n  +  l)  equations  for  the  n  elements 
of  A.  Thus  these  elements  depend  on  n  --|n(n-+-l)  =  -§n(n-l)  parameters 

One  of  the  principal  aims  of  chapters  III  andTVis  to  re- 
place (2.3.3)  "by  canonical  expressions  displaying  the  correct 
number  of  parameters.   Our  immediate  purpose  here  is  to  examine 
to  what  extent  the  product  y-,...y  itself  is  determined. 

2.4  We  speak  of  a  rotation  or  a  reflection  according  as  r 

is  even  or  odd,  and  note  incidentally  that  the  determinant  of  A  is 

•+-1  when  A  is  a  rotation  and  -1  when  A  is  a  reflection.  We 

set  y,  ...y  =  s  and  write  (2.3.3«)  in  "the  form  Ax  =  is"  xs. 
-L    r 

We  now  prove  the  following.   If  s  and  t  are  invert ible  elements 
of  the  Clifford  algebra  C  and  the  simultaneous  equations 
Ax  m   +;s"^xs  and  Ax  =  ±t~  xt  hold  with  identical  signs,  then 
t  ■  if  s,  where  u   belongs  to  the  center  of  C.   Indeed,  the  two 
equations  give  x(ts~  )  *  (ts'-^jx.  Hence  ts   commutes  with  every 
vector  and  thus  commutes  with  every  element  of  C.  This  means  that 
ts   s  zl        belongs  to  the  center  of  C.  Our  assertion  t  =  i^s  is 
proved. 

From  now  on  we  suppose  that  the  dimension  n  of  the  vector 
space  E  is  even.  Then  the  center  of  C  is  the  field  of  the 
scalars . 
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C   (see  sec.  1.5)«  Thus  t  =  As,  where  A  is  a  scalar.   If, 
in  particular,   s  and  t  are  products  of  vectors  normalized 
by  the  requirement  (y,  )  y  )  *»  +  1,  then  t  =±s,  "but  there  is 
no  way  of  getting  rid  of  the  indeterminacy  ±  I  .   It  is 
inherent  to  the  problem  (see  sec.  4.12).  This  is  also  obvious 
from  the  fact  that  y,  — >  -y   for  a  fixed  k  changes  the  prod- 
uct s  into   -s  but  does  not  change  Ax. 

As  in  section  1.4,  we  denote  the  element  obtained  from 
the  element  c  by  reversion  by  c .  Then  we  always  have 

—  1        A   ^  A  ""I  /V 

s   r  As,  where   A   is  a  scalar,  and  s   =  ±  s  if  the  vectors 
y,  are  normalized. 

As  a  further  restriction  we  suppose  that   r   is  even 
also,  that  is,  we  restrict  ourselves  to  rotations .   In  this 
case  Ax  =  s'-'-xs.  Since  every  Clifford  number  is  the  linear 
combination  of  products  of  vectors,  the  map  x  — >  s   xs  can  be 
extended  to  an  inner  automorphism  of  the  Clifford  algebra  given 
by  c  — >  s~  cs  for  any  Clifford  number  c. 

Here  we  come  in  contact  with  a  notion  called  the 
Clifford  group  by  Chevalley  in  his  book  \_6,   p.  49  3  •  This 
group  »   is  the  multiplicative  group  of  all  invert ible  Clifford 
numbers  s  such  that  for  every  x  6  E  =  C,  the  element  s  xs 
belongs  to  C}_,  in  other  words,  that  the  inner  automorphism 
c  — ->  s"  cs  transforms  vectors  into  vectors. 

It  is  worth  while  to  observe  that  from  the  property 
s  €  H         alone  it  follows  that  x  — >  x  =  s"  xs  is  an  isometry. 
Indeed, 

(x   |  x')   =   x'2   a   (S~  XS)(S~  XS) 

z     s"   x  s   =  s~  (x  I  x)s  =  (x  I  x) . 
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For  more  details  about  the  Clifford  group  and  its  rela- 
tion to  the  spin  representation  of  the  group  of  isometries  we 
refer  to  Che valley's  book  [6 J  . 

2.5  Consider  now  a  plane  (two  dimensional  vector  space) 

with  the  Euclidean  metric  and  let  a  and  b  be  two  orthogonal 

p         p 
unit  vectors  in  it.  Thus  a   =  1,  b   =  1,  ab-Hba  =  0. 

IT 

The  plane  will  be  oriented  by  assuming  that  a  rotation  of  -+■  -j- 

carries  a  into  b.   The  Clifford  bivector  I  =  ab  is  independ- 
ent of  the  particular  choice  of  a  and  b.   Indeed  if  af   and  b' 
are  two  other  orthogonal  unit  vectors  with  the  same  orientation, 
then 

a'   =  cos6.a  ■+■  sin0.b,   b'=-sin0.a  -f  cosB.b 
and 
a'b'  =  (cos^e  -f-  sin29)ab-f  (cos9sine)  (b^  -  a2)  =  ab, 

P     2 

since  a  and  b  anticommute  and  a  =  b~  =  1.  A  change  of  orient 


-.2 


ation  replaces  I  by  -  I.  We  have  I  =  (ab)(ab)  =  -  abba  =  -  1. 

Thus  I  shares  the  basic  property  of  the  imaginary  unit  i  =  V  -1, 

but  in  contrast  to  i,  it  anticommutes  with  every  vector  in  the 

plane: 

xl  =  -  Ix. 

Indeed,  I  anticommutes  with  a  and  b,  and  thus  it  anticommutes 

with  every  linear  combination  of  a  and  b. 

If  x  and  x  are  two  vectors  oriented  in  the  same  way  as 

a  and  b,   such  that  |x|  -  |x|^0  and  (x|  x)  =  0,  then  xl  =  x 

and  consequently  Ix  -  -  x.   Indeed,  by  what  we  have  seen, 


<%-> 


I  -  x    x 
\x\      |x| 

and  thus 
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xl .  x  _jl_  JL  =  JsteL-  -  ?  =  x. 

|x|        |x|  jx|  2 

Let  us  denote  by  rot   the  operator  which  rotates  every  vector 

of  the  plane  "by  the  angle  ©.  Then  we  have 

rot  x  =  cos©.x  +  sin©.x. 
e 

This  can  also  be  written  as 

(2.5.1)  rot  x  -  cose.x  -f  SinGxI 

e 

=  x(cos©  +  sin6. I)  =  xe91, 

61  ^C   (^  J) 

where  e    can  be  defined  either  by  cos©  -+-  sin©.  I  or  by  2i->     ~VT~ 


We  also  have 

2 

cos©  +■  sin0. 1  =  (cos  -§-  +■  sin  —  •  I) 

2        2 

and  thus  ( 2.5.1)  can  be  written  as 

rot  x  =  x(cos6  ■+-  sine. I) 
e 

2 

-  x(cos_  +-  sin  — .1) 
2        2 


=  (cos  §  -  sin  |.I)  x  (cos  I  +sin  |#I) 

=  e       xe 


The  right  hand  side  of  the  formula      „       n 

-  -  I     0-  I 

(2.5.2)  rot0x  =   e      X  6 

is  again  of  the  form  s  Xs.  Since  ©  is  determined  modulo  2  7T, 

6 

e  ti 

the  factor  —  is  determined  only  modulo  77"  and  e    is 
determined  only  up  to  a  factor  ±  1  . 

As  an  exercise,  the  reader  should  deduce  the  important 

formula  (2.5.2)  from  the  Hamilton  decomposition  of  a  rotation 
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into  two  reflections  and  from  the  reflection  formula  (2.3.1) 

2  ft 

Hint:   If  c   -  1  and  c  forms  the  angle  f-  with  a,  then 

c  *  cos-—  .a  -4-  sin  r;  .b  . 

Let  now  S  "be  an  n -dimensional  Euclidean  space  and  y 
a  vector  orthogonal  to  the  plane  spanned  by  the  two  mutually 
orthogonal  unit  vectors  a  and  b.  Then  we  set,  by  definition, 
rot  y  =  y.  The  formual  (^.5.2)  gives  the  same  result.  Indeed, 
since  y  anticommutes  with  a  and  b  and  thus  commutes  with 
I  =  ab,  we  have 

rot_y  =  (cosH  -  sin-.I)y(cos-  +  sin-.  I) 
2        Z  2      2 

/   $    .  eTW   e   .  e  T,  _ 

s  y(cos7  -  sin— .  I) (cos—  -I- sin—  ,1)   -  y   . 

Nov;  if  z  is  any  vector  in  E  it  can  be  decomposed  into  a  com- 
ponent z..   in  the  plane  of  I  and  a  component  z  .   orthogonal  to 

that  plane.  Then  we  have 

-  -  I    2  I 
(2.5.3)   rot^z  s  rotQz  (|  -+-  z^=e  z       ze    *- 

This  formula  gives  the  representation  of  a  very  simple  isometry, 
namely  that  of  a  rotation  in  a  two-dimensional  Euclidean  plane,  by 
means  of  a  bivector  belonging  to  this  plane.  In  chapter  IV  we  will 
represent  general  isome tries,  both  in  the  Euclidean  and  in  the 

Lorentz  case,  in  the  form 

-F       -  L 
Ax  =  e  ^  x  e   2  } 

Where  F   is  a  general  Clifford  bivector.  Such  a  quantity 

Zik         i 
F  e  e   has  ^n(n-l)  independent  components,  and  thus 

i<k     i  k 
exhibits  the  correct  number  of  parameters. 
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Chapter  III 

Canonical  representation  of  isome tries . 

3.1  We  start  this  chapter  "by  recalling  some  rather  veil 
known  facts  of  a  general  character.   Suppose  we  are  given  a  finite 
dimensional  vector  space  E  of  dimension  n  over  a  field  F,  which 
we  shall  assume  to  be  either  the  field  of  the  real  numbers  R  or  the 
field  of  the  complex  numbers  K.  Small  Greek  letters  will  always 
denote  elements  of  the  field  (but  not  conversely) . 

Let  A  be  a  fixed  linear  transformation  of  E  into  itself: 
A  E  C  E,  i.e.  A  x  £  E  for  all  x  €  E.   Such  a  transformation 
is  also  called  an  endomorphism  of  E  .  A  subspace  H  of  E  which 
is  transformed  into  itself  by  A:  A  H  C  H,  is  called  an  invariant 
subspace  of  E,  or,  more  precisely,  an  invariant  subspace  of  E 

relative  to  A.   For  a  fixed  vector  x  E  E,  the  subspace  spanned  by 

p 
the  vectors  x,  Ax,  A  x, ...  is  clearly  invariant. 

A  vector  x  such  that  Ax  =  A  x  for  some   A  ^  F   is 
called  eigenvector  of  A  and  A  is  called  the  eigenvalue 
corresponding  to  x.   The  one -dimensional  subspace  generated  by  an 
eigenvector  x  is  another  example  of  an  invariant  subspace. 

Given  a  polynomial  f  (t)  =  (X  t  +  .  • .  +■  <X0   in  an 

indeterminate  t,  we  can  form  the  linear  transformation 

f  (A)  =  c*  Am  +  ...  +01  1, 
x       m  ° 

where  1  stands  for  the  identity  operator  lx  =  x.   For  any 

vector  x  £  E  there  exists  a  polynomial  g  (t)  =£  0  such  that 

2       n 
g  (A)  x  =  0,  because  the  n  +  1  elements  x,  Ax,  A  x, ...,  A  x 

are  necessarily  linearly  dependent.   This  also  shows  that  g  (t)  is 
a  polynomial  of  degree  m  ^  n  and  that  the  leading  coefficient 
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CXm  can  be  chosen  equal  to  1.  We  say  that  g  (A)  annihilates  the 
vector  x  if  g  (A)  x  =  0;  for  the  sake  of  brevity  we  shall  also 
say  that  the  polynomial  g  (t)  annihilates  x   if  g  (A)  does  so. 
It  is  clear  that  the  polynomials  g  (t)  which  annihilate  x  form  an 
ideal  in  the  ring  of  polynomials  F  f  t  ]  .   It  is  well  known  that 
an  ideal  in  this  ring  is  always  principal;  hence,  there  exist  poly- 
nomials mx  (t)  in  the  ideal  which  divide  all  g  (t)  annihilating  x. 
The  my  (t)  with  leading  coefficient  1  is  called  the  minimal 
polynomial  of  x.  One  should  keep  in  mind  that  mx  (t)  is  defined 
relative  to  the  linear  transformation  A. 

Let  e,,. ..,  e  be  a  basis  of  E  and  gj_  (t),...,  gn  (t) 

corresponding  annihilating  polynomials.  Clearly  the  product 
G  ("W  -     Si  (t).».  gn  ("t)  annihilates  the  whole  space  E,  that  is 
G  (A)  x  s  0  for  all  x  G.   E.  Hence  the  polynomials  which  annihilate 
E  form  a  non  zero  ideal  in  F  £ t]  and  their  greatest  common  divisor 
m  (t)  with  leading  coefficient  1  (the  generator  of  the  ideal),  will 
be  called  the  minimal  polynomial  of  the  space  S   (relative  to  A). 
We  show  that  m  (t)  is  equal  to  the  least  common  multiple  (l.c.m.) 
S  (t)  of  the  minimal  polynomials  of  the  basis  elements  e^.   Indeed 
m  (t)  annihilates  S  and  hence  m  (t)  divides  nr  (t).   On  the 
other  hand  m  (t)  annihilates  every  e,-,  hence  every  mp .  (t)  divides 
m  (t)  and  m  (t)  divides  m  (t). 

The  minimal  polynomial   m  (t)  of  E  has  degree  ^  n. 
This  is  an  immediate  consequence  of  the  fact,  to  be  proved  now,  that 
there  exists  a  vector  x  €  E  whose  minimal  polynomial  is  m  (t). 

Lemma.  Let  x  and  y  be  two  non  collinear  vectors  in 
E  and  let  mx  (t)  and  my  (t)  be  their  minimal  polynomials.  Let 
ffi  (t)  be  the  least  common  multiple  of  rax  (t)  and  my  (t).  Then  there 
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exists  a  vector  z  in  the  two-dimensional  space  spanned  by  x  and 
y  whose  minimal  polynomial  m_  (t)  is  m  (t). 

Let  us  observe  that  this  lemma  is  exactly  the  above  state- 
ment in  the  case  n  =  2. 

Proof.    Every  vector  u  =  ^  x  +  fj  y  has  a  minimal  polynomial 
m   (t)  which  divides  m  (t),  since  m  (t)  annihilates  both  x  and 
y  and  hence  also  u.    Now  m  (t)  has  only  a  finite  number  of 
divisors,  hence  there  must  exist  two  non  collinear  vectors  il  and 
u2   whose  minimal  polynomials  are  equal,  let  us  call  it  m^  (t) . 
We  can  write  x  =  o(  ,  u_  +  /3-,Up  ,y=0(p  u.  +  B  2  Up,  and  we  have 
m^     (A)  x  =  0,  m^     (A)  y  =  0.   Hence  m^  (t)  and  m^  (t)  both 
divide  m^   (t)  and  thus  m  (t)  divides  n^  (t).   But  on  the  other  hand, 
m  (t)  divides  m  (t)  and  since  the  leading  coefficient  of  both  poly- 
nomials is  1,  we  get  n^  (t)  =  in  (t).  Q.E.D. 

It  now  follows  by  induction  that  if  e^,...,  en  are  n 
linearly  independent  vectors  in  S,  then  there  exists  a  vector  z  in 

E  whose  minimal  polynomial  is  the  l.c.m.  of  the  nu  (t),  i.e. 

ei 

mz  (t)  =  m  (t). 

3.2  Suppose  now  that  m  (t)  is  written  as  a  product 

s 

m  (t)  =  7T    mi  W* 
i  =  1 

where  the  polynomials  m.  (t)  are  relatively  prime  in  pairs.  In  the 
applications  the  m.  (t)  will  be  taken  as  the  powers  of  distinct  prime 
polynomials . 

VJe  propose  to  decompose  the  space  E  into  a  direct  sum  of 
invariant  subspaces  E^  such  that  for  each  i  the  minimal  polynomial 
of  E.  is  m,  (t). 
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Let  us  write 

M*  (t)  •  irftT  ■   TT  -i (t)- 

We  assert  that  the  polynomials  Mk  have  g.c.d.  1.  We  prove  this 

by  induction.  For  s  =  2  the  statement  is  obviously  true.  Put 

now 

M£  (t)  «   /  /  m±   (t)        (k  =  1,2,...,  s  -  1). 
ifk,s 

Then  by  hypothesis  the  g.c.d.  of  the  M*.  (t)  is  1;  hence  the  g.c.d. 

of  the  Mk  (t)  =  Mk  (t)  ms  (t)  (k  =  1, . . .,  s  -  l)  is  n^  (t).  But 

ms   (t)  is  relatively  prime  to  Ms  (t),  hence  the  g.c.d.  of 

%  (t),...,  Mg  (t)  is  1.   It  follows  now  that  there  exist  polynomials 

g£  (t)   (i  =1,...,  s)  such  that 


(3.2.1)  j~* 

£-^  gi  (t)  u±   (t)  =  i, 


i  =  1 

and  consequently 
s 


(3 


•2-2)  H  gi 


(A)  Mj   (A)   .  1. 

i  =  1 


We  now  define  E±       (i  =  1, . . .,  s)  to  be  the  set  of  those 

vectors  of  E  which  are  annihilated  by  m^  (t).  It  is  obvious  that 

Ei  is  an  invariant  subspace  of  E  and  we  shall  show  later  that  m^  (t) 

is  actually  the  minimal  polynomial  of  E±   .       We  first  prove  that 
Ei  s  gi  (A)  Mi  (A)  S.  Indeed  the  right  hand  side  is  annihilated  by 
mi  (A),  since  n^  (A)  gj:  (A)  1^  (A)  E  «  g±   (A)  m  (A)  S  =  0,  thus 
gi  (A)  Mj^  (A)  E  C  Ei#   On  the  other  hand,  suppose  that  y  €  Ej_, 
that  is  mi  (A)  y  -  0.  Then  M,  (A)  y  =  0  for  all  k   ^  i,  since 

m  .  (t)  divides  M  (t).  From  this  and  (3-2.2)  it  follows  that 
*■  k 
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5 

7  =   (  £  g,  (A)  M   (A)  )  y  =  gi  (A)  M,  (A)  Y6&±    (A)  KL    (A)  E, 
/c  =  1  *      * 

and  thus  that  E^  C  z±{k)  U±   (A)  S. 

In  the  same  way  it  follows  from  (3.2.2)  that  every  x  £  S 
can  be  decomposed  into  the  sum  of  xi  6  E^  i  •  1,...,  s.  Indeed, 
we  can  write 

(3.2.3)    x  =  2Z  xi>  with  Xi  =  gi  (A)  1^  (A)  x  £  E±. 

i  =  1 

The  last  formula  gives  a  decomposition  of  the  space  E  into  the 
sum  of  the  subspaces  E^.   Let  us  prove  that  E  is  the  direct  sum 
of  the  Ei«   To  this  end  we  have  to  show  that  if 
s 

<3.2.io     H  \   -  °>    \e  v 

k  =  i 

then  y   s  0   for  all  k   .  As  shown  above,  y±  €  E*      implies 

K 

y±  =     gi  (A)  Mi  (A)  y±    .    On  the  other  hand  (3.2.U)  gives 

y.  »  -  ^  vi  •  Now  Mi  (A)  y.   s   0,  if  k   ^  i,  since 
k=£i 

m,  (A)  y    =  0  and  m,   (t)  divides  M.  (t).  Hence  y.  ■  0. 
k  i<  k  i  l 

Now  we  shall  prove  that  the  minimal  polynomial  of  Si  is 
mi  (t).  We  already  know  that  m^  (t)  annihilates  Ei  .   If  Ei  were 

annihilated  by  a  proper  divisor  h  (t)  of  td^  (t),  then  S  would  be 

annihilated  by  h  (t)  Mi  (t),  which  is  a  proper  divisor  of  m  (t). 

The  remainder  of  this  section  may  be  omitted  at  a  first 
reading.  As  a  matter  of  fact,  it  is  not  needed  in  the  sequel  except 
for  an  incidental  application  in  section  ^.8. 

All  congruences  here  are  taken  modulo  m  (t).  Set 
(3.2.5)   e±   (t)  5  g±(t)  Mi  (t), 
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then 
(3.2.6) 


Ze  (t)  =  1. 
k      * 


(3.2.7) 


Since  m  (t)  |  M  .  (t)  M.  (t)  when  i  =£  k   ,  we  have 
ei  (t)  e  (t)   =   0  when  ifk, 


and  hence 

ei  (t)  =  e±   (t)  .  1  s  e?  (t), 

that  is,  e^  (t)  is  idempotent.   Furthermore 


,  .      [  1  in  Ei 

(3.2.8)  S;(A)   '     n  Lj. 

[    0  in  Zk   ,  k  4=  i, 

and     Ee,  (A)  =  1  in  E. 

K 

Let  f  (t)  be  a  polynomial,  and  set 

(3.2.9)  fi  (t)  =  f  (t)  e±   (t). 

Then 

x      ,    ^         ff  (A)   in  E;  — 

(3.2.10)  f   (A)  .  J  *  and  f  (A)  5  £  f,  (A)  in  2, 

I  0     in  E  ,  /r±i  k 

k 

Formulae  (3.2.9)  and  (3.2.10)  give  a  kind  of  spectral  decomposition 
of  the  identity  and  of  f  (A). 

More  generally,  let  h  (t)  be  any  polynomials,  and  set 


(3.2.11) 


r-»     k 

h  (t)  =   2-.   n  (t)  e   (t). 

k  k 


Then  we  have  the  "interpolation  formula" 

(3.2.12)     h (A)  =  h1  (A)  in  Ei,   i  •  1,2,...,  s. 

The  polynomial  h  (t)  is  uniquely  determined  by  the  additional 

assumption  that  its  degree  is  less  than  that  of  m  (t). 

The  inverse   A    exists  if  there  is  no  non  zero  subspace 
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annihilated  by  A,  that  is  if  m  (o)  ^  0.   Introduce  in  this  case 

the  polynomial 

—  f±\             m  (t)  -  m  (o) 
m  (t)  —  ~ i— i—  • 

m  (o).t 

Then  m  (A)  =  0  can  be  written  A  m   (A)  +1  s  0,  hence  A   s  -  m  (A), 

a  polynomial  in  A,  and  the  above  scheme  can  be  applied.  For  an 
isometry,  as  defined  in  the  next  section,  the  inverse  always  exists. 

This  scheme  can  also  be  applied  if  f  (t)  in  (3.2.9)  or 
h  (t)  in  (3.2.11)  are  Laurent  polynomials  which  may  contain  both 
positive  and  negative  powers  of  t. 

3.3  We  now  provide  our  n-dimensional  vector  space  E  with 
a  metric ,   i.e.,  we  postulate  the  existence  of  symmetric  bilinear 
form  (x  I  y),  defined  for  every  couple  (x,y)  of  elements  of  E  and 
taking  values  in  the  field  F,  and  having  the  properties 

(xly)  s  (y|x), 
(/\  xx  \  u  x2  y)  =  A  (x]_  I  y)  +  I<  (x2  J  y) . 
Two  vectors  x   and  y   are  said  to  be  orthogonal  if  (xly)  s  0. 
A  non  zero  vector  satisfying  (x  I  x)  =  0,  that  is  a  vector  orthogonal 
to  itself,  is  called  isotropic .   A  metric  is  called  regular  if  for 
every  x  ^= 0  there  exists  a  y  such  that  (x  |  y) ^  0,  i.e.  if  for 
every  vector  x  there  exists  a  vector  y  which  is  not  orthogonal 
to  it.  A  metric  is  called  singular  if  it  is  not  regular,  i.e.  if 
there  exists  a  vector  y^=0  such  that  (x  |  y)  =0  for  all  x  £  E  i.e. 
if  there  exists  y  6  E  orthogonal  to  E. 

If  e^,...,  en  is  a  basis  of  S,  q^  we  vrite 

n  n 

x  •  J*\  xi  ei  >     y  ■  y]   yiei  > 

i  «  1  i  «  1 

then  we  get 
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n 


(3.3.1) 


If  we  set  g^.«  x  (ei  I  ej),  the  metric  can  be  written 


(3.3.2) 


n 


(x  I  y)  *   23    Si J  Xi 


^- 


We  have  g^j  =  gji   and  it  is  easy  to  see  that  (x  |  y)  is  regular 
if  and  only  if  det  (g±j  )  =p  0. 

Our  two  main  particular  cases  will  be  those  of  the 
Euclidean  metric  and  the  Lorentz  metric.  These,  with  suitable  bases, 
can  be  written  in  the  following  standard  forms. 

a)  the  Euclidean  metric: 
(3.3.3)  (x  I  x)  =  xf  +  x2  + +  xn, 

that  is  g .  .  «  1  and  g    =0  if  i  £  j  ; 

b)  the  Lorentz  metric: 

(3.3.10    ,     "_   2      2         2 
(x  I  x)  —  X   -  X  -  ...  -  x  , 

12         n' 

that  is  g  s  1,  g,- ,•  «  -  1  if  i  a  2,...,  n,  g.  s-  0  if  1  4z  j. 

Both  metrics  are  obviously  regular. 

A  subspace  H  of  E  (which  can  be  E  itself)  will  be  called 
regular  if  the  restriction  of  (x  |  y)  to  H  is  regular,  i.e.  if  for 
every  x  S  H  there  exists  a  y6H  with  (x  |  y)  ^  0.  A  subspace  H  of 
E  is  called  singular  if  there  exists  y  €:  H,  y  ^  0,  orthogonal  to 
H.  Such  a  y  is  isotropic,  since  it  is  orthogonal  to  itself.  A  non 
zero  subspace  H  is  called  totally  isotropic  if  (x  I  x)  s  0  for  all 
x6  H  i.e.  all  its  vectors  are  isotropic.  This  is  equivalent  to 
(x  I  y)  s  0  for  all  x,y  €>  H  by  the  relation 
(3.3.5)  2(x|y)a(x  +  y|  x  +  y)  •  (x  I  x)  _  (y  I  y) . 

Obviously  totally  isotropic  implies  singular  but  not  vice 
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versa.  But  a  singular  subspace  always  contains  at  least  one 
isotropic  vector,  and  hence  the  totally  isotropic  subspace  spanned 
by  this  vector.  We  observe  that  any  subspace  of  a  totally 
isotropic  subspace  is  totally  isotropic,  whereas  a  subspace  of  a 
singular  subspace  can  be  regular. 

Examples  of  isotropic  vectors  and  singular  subspaces  in  the 
real  case  can  be  found  on  p.  109     ;  examples  of  totally  isotropic 
subspaces  of  dimension  > 1  over  the  complex  field  can  be  found  on 
p.  104. 

The  set  of  vectors  of  a  subspace  H  of  E  which  are  orthogonal 
to  H  forms  a  subspace  of  H  called  the  radical  of  H,  which  is  denoted 
by  rad  H.  This  subspace  is  either  0  or  totally  isotropic  since  it 
is  orthogonal  to  itself.  Obviously  H  is  regular  if  and  only  if 
rad  H  =  0  and  H  is  totally  isotropic  if  and  only  if  H  =  rad  H  ^  0. 

A  subspace  H  which  is  not  totally  isotropic  can  be 
decomposed  into  the  direct  sum  of  rad  H  and  some  subspace  G  of  H  in 
infinitely  many  ways.  Every  such  G  is  regular .   Indeed,  if  v  6  G  C  H 
and  v  J_  G,  then  v  J-  H  ■  G  4-  rad  H,  since  v  X  rad  H.   Thus 
v€Gnrad  H,  i.e.  v  »  0. 

This  result  can  be  interpreted  in  terms  of  the  quotient  space 
H/  rad  H.   In  the  first  place  the  scalar  product  (x  (  y)  defines  a 
metric  on  H/  rad  H,  since  x  at  x  (  mod.  rad  H),  y  i  y  (mod.  rad  H)  imply 
(x|  y)=  (  x  I  y) .  The  above  result  expresses  the  fact  that  the 
quotient  space   H/rad  H  is  regular  with  respect  to  this  metric. 

Let  H  be  a  subspace  of  a  (regular  or  singular)  vector  space 
E.  We  define  the  orthogonal  complement  Hr  of  H  in  E  as  the  subspace 
of  E  consisting  of  all  vectors  in  E  which  are  orthogonal  to  H,  that 
is  orthogonal  to  all  vectors  in  H.  By  means  of  this  concept  the 
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the  radical  of  H  can  be  expressed 

(3.3.6)   rad  H  =  H  n   H  . 

In  order  to  investigate  the  properties  of  the  orthogonal 
complement  we  first  recall  the  well  known  fact  that  a  system  of 
linear  homogeneous  equations  in  which  the  number  of  the  equations 
is  less  than  the  number  of  the  unknowns  always  has  non  trivial 
solutions.   (This  fact  is  obvious  for  one  equation,  and  the 
general  case  then  follows  by  elimination  and  induction.) 

One  subsequent  results  will  be  the  consequences  of  the 
following  theorem. 

If  H  is  a  proper  subspace  of  E,  then  H   ^0.   Proof; 

Let  e, ,  e0,...,  e  be  a  basis  of  E  such  that  e.,,...,  e  ,  with  m  <  n, 
1/  2'       '     n  1'      nr  ' 

is  a  basis  for  H.   Set  u=A.   e  -h...-*-A  e  and  solve  the  m 

1   1       n  n 

equations  (u  |  e,)  =  0,  k  =  1, . ..,  m,  for  the  n  unknowns  A  ,...,  A  . 

Now  we  prove  the  following.   If  H  is  a  proper  subspace  of 
E  and  H  is  regular,  then  E  is  the  direct  sum  of  H  and   H  . 

Proof.   If  x  6  H,  we  have  the  decomposition  x  =  x  ■+*  0, 
x  e  H,   0  e  H  .    If  x  e  E,  but  x  <f   H,  denote  by   E    the 
space  spanned  by  x  and  H.  Then  H  is  a  proper  subspace  of  E,  thus 
by  virtue  of  the  preceding  theorem,  there  exists   v  &      E,  v  J-  H, 
v  =^=  0.   Since   H  is  regular,  v  tt  H,  and  thus  v  —  A  x  -  z, 
with  A  ^  0  and  z  e  H.    By  setting   A~  v  =  u,  A"  z  =  y  ve  obtain 
x  =  y  +  u  with  y  e  H,   u  £  IT".      The  proof  of  E  aH+  H  here- 
with is  complete.   Since  H  is  regular,  H  C\   H   =0   and  hence  the 
sum  is  direct.   The  vector  y  is  called  the  orthogonal  projection  of 
the  vector  x  E   E  into  the  subspace  H. 
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As  a  consequence:  if  H  is  regular,  dim  E  =  dim  H  4- dim  H  . 

In  our  further  considerations  about  the  orthogonal  complement 
of  a  subspace  of  E  with  respect  to  E,  we  suppose  that  E  is  regular . 

We  first  show  that  if  (  e,  j   is  a  basis  of  a  regular 
space  E  of  dimension  n,  then  there  exists  a  basis  «[  ek  >  of  E, 

satisfying  the  equations 

k 


(e,  |ek)  r  a. 


I   _  J  1,  i  «  k, 
1      '     \    0,  i  £  k   • 


The  two  bases  are  said  to  be  complementary  to  each  other  and  they 
determine  each  other  in  a  unique  way.  To  find  such  a  basis  we  let 
E,  be  the  space  spanned  by  the  vectors  e.,...,  e  with  the  exception 
of  the  vector  ev.  Then  E ,  is  a  proper  subspace  of  E,  thus  there 
exists  in  E  a  non  zero  vector  v  X  E  .  By  virtue  of  the  regularity 

K 

of  E,  we  have   (v  j  e^)  «  U  ^s  0,  and  e  =  u~  v   is  a  solution 

of  the  equations  (3»3.T)  for  i  =  1,2,...,  n.  The  uniqueness  of  the 
solutions  ek  follows  from  the  regularity  of  the  metric,  and  their 

linear  independence  is  obvious  from  the  equations  themselves.  Hence 

L 

the  e  form  a  basis  of  S.   A  glance  at  the  equations  shows  that  the 

relation  between  the  bases  |  e,  Y  and  |  e  \   is  reciprocal. 
For  the  sake  of  completeness  we  give  some  explicit 
formulae.   As  on  p.  91    ,   we  set  gik  =  g,.   =  (e.  |  e.) .  Since 

E  is  regular  with  respect  to  the  metric,  det  (  gik  )  y5  °  and  the 

ik  "* 

matrix   (  g       )  s  (g .     )  exists.     We  have 

(3.3.8)  n  n  n 

ek  =     £skir     e       ,   ek  s  21    Sk^     e      • 

We  return  to  the  orthogonal  complement  of  a  subspace 

H  of  E  and  prove: 

XX  X 

If  E  is  regular,  then  H    =  H  and  dim  H  +  dim  H   — 
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-  dim  E. 

Proof.  The  statement  is  obvious  if  H  as  0  or  H  as  e. 
Next  let  H  be  of  dimension  m,  where  o  <  m  <  n  =  the  dimension  of 
E.  The  basis  e -,,...,  e  considered  above  may  be  chosen  so  that 

ej_, . ..,  em  is  a  basis  of  H.   In  this  case  e  m   , ...,  e11  is  a  basis 

-L  XX 

H   .   Hence  H    =  H  and  the  assertion  about  the  dimensions 

immediately  follows. 

As  a  consequence  of  this  result  we  get  rad  H   =  H  f\   H  = 
s  H  C\   H  =  rad  H;  this  implies  that  H  and  H   are  regular  or 
singular  simultaneously. 

When  H     =  H,  we  say  that  H  and  H  '  are  the  orthogonal 
complements  of  one  another. 

The  last  theorem  dealing  with  the  concept  of  the  orthogonal 

complement  will  be  the  following. 

X 
Let  E  be  regular  and  H  a  sub space  of  E.  Then  H  C\   H    and 

H  +>  H  "   are  the  orthogonal  complements  of  one  another. 

X  x 

Proof.   H  O  H   is  orthogonal  to  both  H  and  H  ,  since  it 

is  contained  in  both  H    and  H.  Consequently  it  is  also  orthogonal 

to  (  H+H1),  and  therefore  (HAH)  C  (H+H  )   .   On  the  other 

hand  the  latter  subspace  is  orthogonal  to  H  -f  H  '  and  hence  to  II  and 

X  X,  -L  X 

H  .   Therefore  (  H  +•  H  )    is  contained  in  H   and  in  H,  and 

hence  in   (H  O  H"1") ;   that  is      (H+hVc   (hHh     ) . 

In  the  case  that  K  is  regular,  rad  H  =  0  ana  the  above  result 
is  in  agreement  with  an  older  one,  namely,  that,  in  this  case, 
H-f  H1=  E. 

A  linear  transformation  L  of  a  vector  space  E,  provided 

with  a  metric   (x  |  y),  into  itself  is  called  an  automorphism  of  the 

metric  or  an  isometry  with  respect  to  this  metric,  if 
(3.3.9)     (Lx  |  Ly)  *   (x  I  y) 
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for  all  x,y  6  E.   It  is  enough  to  suppose  that 

(Lx  I  Lx)   =   (x  |  x) 

for  all  x  €  E  by  virtue  of  the  relation  (3-3.5).   If  the  metric  is 
regular,  then  L  is  a  one-to-one  transformation  of  E  onto  itself.   In 
fact  if  Ly  =  0,  then  it  follows  from  (3.3.9)  that  (x|  y)   =  0 

for  all  x€E,  and  hence  that  y  =  0.  Thus  dim  L  (e)  =  n  and  L  is 

-1  -1   -1 

onto.   It  follows  that  L    exists,  that  is  LL  =  L   Lai  and 


k 


L  is  an  isometry  for  all  (positive  or  negative)  integers  k. 

Let  H  he  an  invariant  subspace  with  respect  to  the  isometry 
L  of  the  regular  metric  (x  |  y).  Then  L  maps  H  onto  H  since  dim  LH  = 

=  dim  H  and  LH  C  H.   H    is  also  invariant  with  respect  to  L. 
Indeed,   if  y  6  H   and  x  €  H,  then  x  =  Lx,   for  some  x  G.   H  and 
(Ly  |  x)   =   (Ly  I  Ioc)   «   (y  I  x)   «  0, 

thus  Ly  €  H  .   We  also  note  that  if  f (t)  is  any  polynomial  then  H 
is  invariant  with  respect  to  f (L)  or  to  f (L   )   (or  to  a  Laurent- 
polynomial)  . 

A  regular  invariant  subspace  of  E  is  called  reducible  if 
it  contains  an  invariant  regular  proper  subspace,  and  irreducible 
otherwise . 

A  reducible  subspace  can  be  written  as  the  direct  sum  of 
two  invariant  regular  proper  subspaces,  which  are  orthogonal  to  each 
other,  by  what  has  been  said  above.  Because  of  the  f ini teness  of  the 
dimension,  a  regular  invariant  subspace  is  either  irreducible  or 
contains  an  irreducible  proper  subspace. 

A  fundamental  problem  consists  of  decomposing  a  space  E  with 
a  given  metric  and  a  given  isometry  L  of  this  metric  into  subspaces 
invariant  and  irreducible  with  respect  to  L.  We  will  carry  out  such 
decompositions  in  two  important  cases:  the  real  Euclidean  space  and 
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and  the  real  Lorentz  space. 

To  this  end  we  shall  prove  in  the  next  section  a  few  lemmas 
on  general  metrics,  which  present  some  independent  interest  in  them- 
selves. 

3.^  Let  E  be  an  n-dimensional  vector  space  and  let  A  be  an 
endomorphism  of  S.  We  first  collect  a  few  properties  of  invariant 
subspaces,  which  will  play  an  important  role  in  this  section.   Let 
i1  (t),  g  (t),  h  (t)  be  arbitrary  polynomials.  A  subspace  of  E  in- 
variant under  A  is  invariant  under  f(A).   The  subspace  annihilated 
"by  g(A)  is  invariant  under  A.   The  subspace  h(A)  E  is  invariant 
under  A.   The  degree  of  the  minimal  polynomial  with  respect  to  A  of 
a  subspace  H  invariant  under  A  is  ^  dim  H. 

To  make  things  clearer,  it  is  sometimes  useful  to  talk  of 
the  restriction  of  A  to  an  invariant  subspace  H  meaning  A  as  it  acts 
on  the  elements  of  H  only. 

Let  now  E  have  a  metric  (x  I  y)  and  consider  an  isometry  L  of 
this  metric.   In  Lemmas  I  -  VII  we  do  not  require  that  (x  I  y)  be 
regular,  but  we  do  suppose  that  L  possesses  an  inverse  L 

Lemma  I  -  If  Lx  =  Ax,  Ly  -  u,  y  and  AyU  =£=  1,  then  (x  I  y):==0, 

Proof.   0  =  (Lx  I  Ly)  -  (x  I  y)  =  ( ]Ut  -  l)   (x  I  y) . 

Lemma  II  -  For  any  polynomial  f(t),  we  have 
(f(L)  x  I  y)  =  (x  I  f  (L  -1)y). 

Proof.   We  have  (L^x|L    z)  =  (x  I  z)  for  all  integers  k. 
Setting  z  =  L~k  y  we  obtain  (Lk  x|  y)  =  (x  I  L"k  y) .   From  this  our 

assertion  follows. 

Lemma  III-  If  f (t)  and  g(t)  are  relatively  prime  polynomials, 
f(L)  x  =  0,  g  (L  ~X)  y  =  0,  then  (x  I  y)  =  0. 


-  98  - 

Proof.   There  exist  two  polynomials  a(t)  and  b(t)  such 
that 

a(t)  f(t)  4-  b(t)  g(t)  S  1. 
Then 

x  r[a(L)  f(L)  +    b(L)  g(L)J  x  =  b(L)  g(L)  x, 

since  f  (L)  x  =  0.  Hence  "by  Lemma  II 

(x|  y)  -  (b(L)  g(L)  x  I  y)  =  (b(L)  x|  g(L_;L)y)  =  0,  since  g  (L^)y  =  0. 

Example  -  Lemma  I  follows  from  Lemma  III  "by  setting 

f(t)  «  t -A,  g(t)  =  t  -  p  -1. 

Let  us  recall  the  definition  of  reciprocal  polynomials. 


f 


-r 


The  polynomials  f(t)  =  C*£  G(.  *    and  ?(*)  a  T  £*  Otr_L  t 

with  O(^_rr0,<r?^0are  said  to  be  reciprocal  to  each  other.  Obviously 
Cf(t)  5  ttT  f(t  ~1)   and  Tf(t)  a  <T  t  7  (t"1  ). 

With  this  terminology  we  can  reformulate  Lemma  III: 

Lemma  III"15.  -  If  f (t)  and  g(t)  are  relatively  prime,  the 
subspaces  of  E  annihilated  by  f (L)  and  g(L)  respectively  are  orthogonal 
to  each  other. 

As  a  corollary  we  have: 

Lemma  IV  -  If  the  mutually  reciprocal  polynomials  f (t)  and 
f (t)  are  relatively  prime,  the  subspace  of  E  annihilated  by  f (L)  (  or 

IN/ 

by  f (L)  )  is  either  0  or  totally  isotropic. 

Example  I  -  Let  f(t)  =  (t  -  A)   with  A  £  1,  i.e.  A  #  "T  . 
Hence  (t  -A)   and  t  (t  —  A)   =  (-A)   (t  -/\  )  are  relatively 
prime.  Consequently  the  space  annihilated  by  (L  -A)  with  A  ^  1 
is  totally  isotropic  or  0. 

Example  II  -  Let  Q  (t)  =  t  4»  i6t  f  dp  be  a  positive 
quadratic  polynomial  with  real  coefficients.   If  V^pl,  Q(t)  and 
Q(t)  are  relatively  prime  and  so  are  f  (t)  a  £  Q(t)  J    and  f(t)  ■ 
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=  [  Q(t) J   .   Hence  if  y   ^fe  1,  the  subspace  annihilated  "by 
f (L)  is  totally  isotropic  or  0. 

Lemma  V  -  If  f (t)  is  self -reciprocal,  the  relations 
f (L)  x  =  0  and  f (L   )  x  =  0  imply  each  other. 

Proof.     Clear. 

f  2 

Example   I  -       f (t)    =   (t  -  £  )     with  £     =  1. 

P  P 

Example   II   -     f(t)    *      [  Q(t)  J      with     Q(t)    =  t    +|3t+    1. 

f 

Lemma  VI  -  Let  g(t)  be  self -reciprocal  and  [g(t)J   ,  t)  £  2. 


"be  the  minimal  polynomial  of  a  certain  invariant  subspace  H  of  E.  Let 

Then 


q5S   I   p   I   (  [t  j  is  the  largest  integer  ^  £  ) . 


E'  —    g(L) J   H  is  totally  isotropic. 

Proof.  Since  q  <  p   it  follows  that  h' ^  0.   Let  x  €  h'. 

Then  x  —   [g(L)J  q  u,  u  S  H  and  according  to  Lemma  II  (x  I  x)  a   (w  f  u), 
where  w  ,  [  g(L  -1)  ]  q  [g(L)]q  u.   But  [g(L)]  q  [g(L)]  q  u  = 

=  Lg(lj)J     u  —  0,   since  2q  ^  0    and  so  w  -  o  by  Lemma  V. 

p 
Example  I  -  g(t)  =  t  -  £  with  £      ■  1.   The  totally 

isotropic  subspace  H*  =  (L  -  £)  H  has  the  minimal  polynomial  (t  -£/ 

Consequently  dim  H*  >  p  -q.   Now  q  a  *~ —  if  p  is  odd  and  =  -£-, 

if  p  is  even.  Consequently  dim  H*  £  +— ~ — ,  if  p  is  odd  and  ^  -J—-, 

if  D  is  even. 

Example  II  -   g(t)   =  t2  +  £t  +  1^.0,  /3  real. 

Lemma  VII  -    Let  £  =  1.  Suppose  that  some  invariant 
subspace  H  of  E  has  the  minimal  polynomial  (t-£)  with  p>l.  Then  the 
subspace  E'of  E  annihilated  by  L  -  £  is  singular. 

Proof.   We  shall  make  use  of  the  fact, implied  by  the 

hypothesis,  that  there  exists  in  E  a  vector   x   whose  minimal 

P  P-  1 

polynomial  is   (t  -£)    with  O  >    1.   Let  z  =  (L  -£/    x  £   0 
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and  let  y  be  arbitrary  in  E1 .   Then,  according  to  Lemma  II,  (z/  y)  = 
=  (x  |  w),  with  v  .  (L   -  Bf'1   y.  Now  (L  -  6  f'1     y  s  0,  since 

(L  -  £)y  >  0  and  p  -  1  £  1.  Thus,  in  view  of  Lemma  V,  w  »  0;  and 

P 

hence  (z  |  y)  =  0.  On  the  other  hand  (L  -£)z  =  (L  -£)   x  =  °, 

which  means  that  z  €  E'  and  so  E'  is  singular. 

Lemma  VIII  -   Let  E  be  regular  with  respect  to  the  metric 
(x  |  y).   Let  f(t)  be  a  polynomial,  G  —  f (L)  E  and  H  be  the  subspace 
annihilated  by  f  (L   ).   Then  G  and  H  are  the  orthogonal  complements 
of  one  another. 

Proof .   Let  u  be  arbitrary  in  G  and  v  fixed  in  H.   Then 

u  a  f (L)  x,  with  x  €  2,  and  f (L    )  v  =  0.  According  to  Lemma  II, 

-1  _L 

(u  |  v)  *  (f  (L)  x  |  v)  »  (x  |  f  (L   )  v)  ■  0.   Hence  v  6  G  ,  that  is 

H  C  G   .   Conversely,  let  (u  I  w)  ■  0  for  a  fixed  w  6  G   and  an 

-1 

arbitrary  ufcG.   This  means  (f(L)  x  |  w)  *  0  and  hence  (x  I  f(L   )w)  ; 

»  0  for  all  x  €  E.  By  the  regularity  of  E  it  follows  that 

f  (L  "1  )w  -  0,  that  is  w  £  H,  G1"   C  H.   Consequently  G  """  =  H. 

Since  G^1*.  G,  it  follows  that  H  r  G. 

Using  Lemma  V.  we  have  as  a  corollary: 

Lemma  VIII^13  -  Let  E  be  regular,  f (t)  self -reciprocal, 

G  the  subspace  f(L)  E  and  H  the  subspace  which  is  annihilated  by  f(L). 

Then  G  and  H  are  the  orthogonal  complements  of  each  other. 

p 

Example .  -   f(t)  =  (t  -£)   . 

3.5  We  shall  now  focus  our  attention  on  the  most  familiar 
particular  case,  that  of  a  Euclidean  metric  over  a  real  vector  space 
E  of  dimension  n,  introduced  in  formula  (3-3-3-)-   As  is  well  known, 
such  a  metric  can  also  be  defined  by  the  intrinsic  property  that 
(x|x)£  0  and  (x  |  x)  »   0  only  for  x  =  0.  This  implies  that  every 
subspace  of  a  Euclidean  space  is  regular. 
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We  show  that  under  the  above  assumptions  a  basis  e,,...,  e 
of  E  can  be  chosen  so  that  for  x  =  x^  e^-*-  . . .  +■  x^   en   we  have 

(x  |  x)  m   X,  +•  Xn   +...+X   . 

x         12  n 

The  proof  proceeds  by  induction  on  the  number  of  dimensions.  If 

2  —1 

n  s  1,  let  Of  a  6E,  (a|a)  ■  o(  >0 ,   hence  taking  e1  s  «,    a,  we 

obtain  a  unit  vector,  i.e.   (e..|  e1)  -  1.  Then  for  any  x  *  x,  e,6  E 

2 
we  have  (x  |x)  =  x,  .   If  E  has  dimension  n  >  1,  choose  a  one 

dimensional  subspace  H.   Its  complement  H   has  dimension  n  -  1. 

Writing  x  =  x1  -*-  x",  x1  e  H,  x'^H^  we  obtain  (x|  x)  =  (x*  |  x')-f 

4- (x" t  xM),  from  which  our  assertion  follows  by  induction. 

Let  now  L  be  an  i some try  of  the  Euclidean  metric.   We 
propose  to  seek  the  the  "canonical  decomposition"  of  L.  The  minimal 
polynomial  of  E  relative  to  L  is  the  product  of  distinct  factors  of  the 
form  (t  -A)   and  lQ(t)J  , where  Q(t)  .  t  4-  fit  +  V  ( A  ,  B,  V  real) 
is  irreducible  over  the  real  field.  We  assert  that  the  only  possible 


values  are 


A  =    ifc    1,      V.l,    P   s0or  1,   tsOorl. 


(The  conditions  p  ^  1,  T^  1,  mean,  in  learned  terms,  that  the 
elementary  divisors  are  all  simple.)  Indeed,  since  E  has  no  totally 
isotropic  subspace  (because  there  are  no  isotropic  vectorsi),A»  +  1 
and  y  sr  1  follow  from  Examples  I.  and  II.  for  Lemma  IV  in  3^  an<i 
p  =»1,T=  1  follow  from  Examples  I.  and  II.  for  Lemma  VI.  in  3.^. 
Furthermore  1/31  <  2,  because  Q(t)  is  irreducible. 

By  the  results  of  3.2,  the  space  S  is  the  direct  sum  of  the 

subspaces,  whose  minimal  polynomials  are  the  actually  ocurring  factors 

2 

t  -  1,  t  -t-  1  and  the  various  Q(t)  =  t  +|3t  +  lof  the  minimal 

polynomial  of  E.  We  shall  denote  these  subspaces  by  E.  ,  E_  .      and 
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jSq,  whenever  they  occur  in  the  decomposition  of  E.   It 
follows  from  Lemma  III"313   of  3.^  that  these  subspaces  are  mutually- 
orthogonal  . 

In  the  sequel,  whenever  we  discuss  a  subspace,  we  suppose  that 
it  actually  occurs  in  the  decomposition  of  E. 

All  vectors  of  E-^  are  left  invariant  "by  L;  all  vectors  of  E 

undergo  a  symmetry  in  the  origin.  According  as  E  .  j_  is  of  even  or  odd 
dimension,  L  is  called  a  rotation  or  a  reflection.   If  any  of  these 
two  subspaces  has  dimension  £  2,  it  can  be  decomposed  in  infinitely  many 
ways  into  the  direct  sum  of  mutually  orthogonal  invariant  lines. 

Consider  a  subspace  E   and  let  x  6  EQ  be  an  arbitrary  vector. 
Setting  /3  =  -  2  cos  0    ,  with  |cos  &\  <   1,  we  have  (L2  -  2  cos0L  +  l)x  = 

=  0,  or 

(3. 5.1)  (L+  L"1)  x  =  2  cos  0   .  x. 

Write  (3.5 »l)  for  a  particular  non  zero  vector  a  £  EQ,  that  is 

(3.5.2)  (L+  L"1)  a  ss  2  cos  6   .  a, 
and  define  the  vector  b  by 

(3.5.3)  (L  -  L"1)  a  =  2  sin  6   .  b, 

where  sin  6  =£  0  is  determined  except  for  sign  by  the  equation 

cos  6     —  -  i/3  .   Unless  otherwise  stated  we  take  sin#  positive. 

Since  (  a  |  La)  =  (  a  |  L  -1  a  )  by  Lemma  II,  we  have 

(3.5.4)  (al  b)  =  0. 

On  the  other  hand,  from  (3.5.2)  and  (3.5.3) > 

cos*  9  .  (  a  |  a)  4-  sin2  0   .  (b  |  b) 
=  £  (  2(La  |  La)  +  2(L"1  a  I  L'1  a)  )  =  (a  |  a), 
and  hence 

(3.5.5)  (a|  a)  a  (b  |  b). 
Setting  x  =  b  in  (3. 5.1),  we  obtain 
(3.5-6)      (L  +  L  -1)  b  =  2  cos  a.  b  . 
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Applying  to  (3.5.2)  and  (3.5.3)  the  respective  operators  (L  +  L~  )  and 
(L  -  L~  )  and  subtracting  we  find 

i+a  as  2  cos  0.  (L  +  L  ""^a  -  2  sin  $  .  (L  -  L"1)  b, 
vhich  by  weans  of  f3.5-2)  reduces  to 
(3.5-7)     (  L  -  L"1)  b  as  -  2  sin#.  a. 
Combining  formulae  (3 .5.2)  -  (3.5 .7) >  we  obtain 

La  =  cos  d .  a  +•  sin  6   .  b     IT     a  —  cos  u .  a  -  sin  £  .  b 

/o  c  q\J  ^=  -  sin  0  .  a  +  cos# .  b    L~  b  =  sin©  .a  +  cos£  .  b 
(3.5.0M 

(a  I  a)  =  (b|  b),    (a|b)  =  0. 

If  SQ  is  a  tvo -plane,  the  formulae  (3.5.8)  describe  a  rotation 
in  that  plane .  If   dim  En  >  2,  SQ   can,  in  infinitely  many  ways 

be  decomposed  into  the  direct  sum  of  mutually  orthogonal  invariant  two- 
planes  undergoing  the  same  rotation  as  the  one  exhibited  by  the  formulae 
(3«5«8) •   As  a  by-product  we  find  the  fact  that  the  dimension  of  En  is 
even.   For  the  proof  we  refer  to  h,2,   where  the  same  question  is 
treated  in  a  slightly  different  language.   All  the  invariant  two- 
planes  have  the  minimal  polynomial  Q(t) . 

After  this  somewhat  sophisticated  treatment  in  the  real,  let 
us  see  the  complex  treatment.   We  pass  from  the  real  subspace  EQ  to 

the  complex  subspace  E^  +  i  En,  whose  elements  are  the  vectors 
x  +  iy  with  x  £  EQ,  y  6  EQ  .   Complex  numbers  are  admitted  as 

scalars  and  multiplication  is  defined  by 

(A+  iU)  (x+  iy)  =  A  x  -JUL  y  +  i  (Ux   +  A  y). 

K.  can  be  considered  as  a  subset  of  E^  -f-  i  S^  . 

The  minimal  polynomial  Q(t),  which  was  irreducible  over  R, 
now  decomposes  into  two  linear  factors 

Q(t)  =t2   -  2cosfl.  t  +  l  -  (t  -  e"1*)  (t  -  e  i»). 
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According  to  the  general  theory  of  section  3.2,  En  +  i  L  splits 
into  the  direct  sum  of  tvo  subspaces  H  and  H,  which  are  annihilated 
by  t  -  e"   and  t  -  e   ,  respectively. 

It  is  clear  that  if  z=a+ib£H,  then  "z  as  a  -  ib  £  1 
and  vice  versa.   We  then  have 
(3.5.9)      Lz  =  e~idz,   LT  =  e±6       T. 
The  vectors  z  and  z*   are  isotropic  since 

(z| z)  =:  (Lz  |  Lz) « (e-idz  |  e"1*  z)  =  e"2i  *  (z  |  z) 

-ZL0 

and  e     :£  1  implies  (z  |  z)=0;   similarly  (z|z)=  0.    We  have 

(a  +  ib  |  a  +ib)  s  (a  |  a)  -  (b  |  b)  -  2i  (a  |  b)  =  0, 
and  hence   (a  |  a)  =  (h  I  b),   (a  |  b)  =  0.   Furthermore 

L  (a  +  ib)  =  e-^Ca+ib)  =  (cos  $     -  isin  6  )    (a+ib) 

=  cosd.  a  +  sin^.b  +  i  (cos#b  -  sin  9    .a), 
and  so  again 

L  a  =  cos  B   .  a  ■+■  sin  6   .  b, 
L  b  =  -sin  6  .  a  +•  cos  $   .  b. 
We  have  found  incidentally  that  the  possible  real  eigenvalues 
X  1  and  the  non  real  eigenvalues  e   just  considered  all  have 
absolute  value  1.  This  is  easy  to  show  directly:  Lz  =  ^  z  implies 
Lz  s^z,  hence  (z  I  z)  =(Lz  I  Lz)  =  I  Al  (z  I  z)  and  (z  I  z)  = 
(a  I  a)  +  (d  I  b)  ^0. 

The  above  treatment  enables  us  to  give  the  example  ot  totally 
isotropic  subspaces  announced  on  p.  92  -   .  The  dimension  of  SQ 
being  equal  to  2k,  the  eigenvectors  to  the  eigenvalue  e  1V  (or  e  ~1  ) 
in  the  complexified  space  E  +  is  form  a  totally  isotropic  subspace 
of  dimension  k. 

Summing  up:  E  is  the  direct  sum  of  mutually  orthogonal 
invariant  lines  (see  p.  102   )  and  invariant  and  irreducible  two- 
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planes.  These  two-planes  undergo  rotations,  the  angle  "being  the  same 
in  all  the  two-planes  which  belong  to  the  same  quadratic  minimal  poly- 
nomial . 

3.6   The  careful  discussion  of  the  isometries  of  Euclidean 
space  will  now  be  amply  rewarded.   It  will  serve  as  a  guide  and  background 
for  the  more  involved  treatment  of  the  corresponding  problem  in  the  Lorentz 
case. 

We  consider  an  n-dimensional  vector  space  E  over  the  real  field 
provided  with  Lorentz  metric 

(3.6.1)   (x|  y)  =  x       yl  "  x2  y2  "  "  xn  yn  ' 

of  formula  (3.3.^).  The  corresponding  quadratic  form 


(3.6.2)  (x  I  x)  = 


-  J2.  J2l  JcL 


J\,  "  J\.  ""   •  •  •   ""*   -o. 


> 


12         n' 
which  is  the  scalar  square  of  the  vector  x,  is  indefinite.  We  classify  the 
non  zero  vectors  x  £  E  into  three  classes  according  to  the  signs  of 
their  scalar  squares:  a  vector  x  will  be  called 

\^_-L<(Cq  time-like  if  (x|x)>0, 

sj\~    '   (*l  *>  <  0  light-like  or  isotropic  if  (x|x)s0 

=0>f  /    \  space-like  if  (x  |  x)  <  0. 

The  equation  (x  I  x)  0  defines  the  light  cone.  Time-like  vectors  lie 
inside,  space-like  vectors  outside,  the  light-cone,  whereas  light-like  vectors 
lie  along  its  generators. 

A  time-like  or  light-like  vector  x  is  called  positive  if  x   >   0 
and  negative  if  x-j_<0. 

Now  we  are  going  to  give  an  axiomatic  definition  of  a  Lorentz  space. 
The  figure  shows  there  exist  vectors  inside  the  cone  and  that  a  two-plane 
through  the  origin  either  lies  completely  outside  the  light-cone  (except  at  0), 
or  is  tangent  to  the  light  cone  or  cuts  the  cone.  In  each  case  it  contains 
vectors  lying  outside  the  cone,  that  is  space-like  vectors.  This  leads  us  to 
the  following  two  axioms  for  the  Lorentz  metric: 
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(I)  There  exists  an  a  €.  E,  such  that  (a  I  a)  >  0,  i.e.  there 
exists  at  least  one  time-like  vector. 

(II)  Every  two-plane  contains  at  least  one  space-like  vector. 
From  these  axioms  the  following  properties  can  be  deduced. 

(A)  If  a  is  time-like,  b  j=  0  and  (a  \   b)-0,  then 
b  is  space-like,  i.e.  (b  I  b)  <  0. 

Proof.   Since  (a  I  b)  =  0  and  (a  |  a)^0  it  follows  that 
b  is  not  collinear  with  a   and  thus  a  and  b  span  a  two-plane  which 
by  (II)  contains  a  space-like  vector  A  a  +  XLb.   Since 
0>  (Aa  +  /utUa+ub)  =  A2  (a  I  a)+ ZX2(b  I  b)  and  (a  I  a)  >  0  , 
we  have  (bib)  <  0. 

(B)  If  a  is  light-like  and  (a|b)=0,  then 
either  b  is  space-like  or  b  =  \J  a  (i.e.  a  and  b   are  collinear). 

Proof.   If  b  =£  V   a,  the  manifold  spanned  by  a   and  b 
is  two-dimensional  and  thus  by  axiom  (II)  there  exists  a  vector 
A  a  -HUb  such  that  0  >(Aa  +ub  I  ~K  a  +  JUL  b)  =U2  (b  I  b).   Hence 
(b  |  b)  <  0. 

We  state  as  a  corollary: 

(C)  Two  vectors,  either  of  them  time-like  or  light- 
like, are  never  orthogonal  to  each  other,  except  when  both  are  light- 
like and  collinear. 

It  follows  that  a  Lorentz  space  is  regular.  In  fact  if 
x  is  space-like,  then  (x  I  x)  +  0;  if  x  is  time-like  or 
light-like,   then  for  any  time-like   y   we  have  (x  I  y)  =fc   0. 

As  an  other  application  (outside  the  scope  of  the  present 
lectures)  we  mention,  that  if  a  is  time-like,  then  (a  +■  ibi  a  ■+■  ib)  ^=  0 
for  any  b.   In  fact  (a  +  ib  |  a  +  ib)  =  (a  |  a)  -  (b  /  b)  +  2i(a  I  b). 
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If  (a  /  b)  i=   0,   then  the  imaginary  part  is   =f=  0;   if   (a  I  b)  =  0, 
then  (b  I  b)  <  0   and   (a  I  a)  -  (b  |  b)  >  0.   This  fact  underlies 

2 

the  definition  of  a  hyperbolic  differential  operator     P  (  -   ) 

ox 

given  by  Garding.   Restricting  ourselves  to  a  homogeneous  polynomial 
P  (x),  we  say  that   P  is  hyperbolic  if  there  exists  a  vector   a 
such  that   P  (a  ■+-  ib)  ^=  0  for  all  real  vectors    b. 

We  must  still  show  that  the  axioms  (I)  and  (II)  fix  the 
Lorentz  signature  of  the  space,  which  means  that  with  a  suitable 
basis  the  metric  can  be  written  in  the  form  (3-6.1).    Let  e,  be  a 
a  unitary  time-like  vector,  i.e.    (e  |  e  )  =  1.   By  (A)  the 

orthogonal  complement   H   of  the  one -dimensional  subspace  spanned  by 
e..   is  space-like.   The  restriction  of  the  metric  to   H   is  definite 
negative,  and  thus,  with  an  obvious  modification  of  sign,  it  follows 
from  3.5  that  there  exists  in   H  a  basis  e?, . . . ,  e   such  that  for 

x  6  H  we  have  (x  I  x)    —   —  ^   xk*   If   x   is  any  vector  in   E> 

k=2 

/        /   f* 
we  can  write  x  =  x,   e.,  -4-  x  with  x  =*  Z-.  x,   e,  £  H  and  so 

J-    -L  i_  o  K    K 

K=2 


2  2 

l2     "    '"    "  xn' 


(x  |  x)=x1   (e1  |  ex)  +  (x  I  x^  =  x    -  x^ 

A  Lorentz  space   E   has  three  kinds  of  non  zero  subspaces 


H: 


1)  H  is  called  time-like  if  it  contains  some  time-like 

vector; 

2)  H  is  called  space-like  if  its  non  zero  vectors  are  all 
space-like. 

3)  H  is  called  light- like  if  it  contains  some  light-like 
vector  but  no  time-like  vector. 
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It  is  clear  that  all  possibilities  are  hereby  exhausted. 

We  will  prove  the  following:   A  light-like  subspace   H 
contains  exactly  one  light-like  line  g.   The  only  vectors  of  H 
not  in   g   are  space -like  vectors  orthogonal  to   g. 

Proof.  By  definition   H   contains  a  light- like  line   g. 
If    H   contains  some  vector   b   not  in   g    then  the  two-plane 
spanned  by   b    and    a    vector    /e  g   contains  no  time- 
like vector,  i.e.  we  have 

0  k     (  A/+  bl  A^+b)  =  2A(/|b)  t(b|  b) 

for  all  ?i   .     Thus  (M  b)  =0,  which,  combined  with  b  ^  g, 
implies  by   (B)   that   b   is  space-like. 

In  the  opposite  direction  we  prove  that  if  a  subspace 
H   contains  exactly  one  light-like  line   g   then   H   is  light- 
like.  We  must  prove  that   H   contains  no  time-like  vector. 
Suppose   H   contained  a  time-like  vector   a,  i.e.   (a  I   a)  >  0. 
Then  by  (B)   we  have  (a  I  £  )  ^  0   for  P  e   g  and  therefore 
(a  +  A^  I  a  +  ]\l)    =  (a  I   a)  +  2^(a  I  /  )  =0  has  a  solution 
in  ^  .   Thus  a  +  A  £•  would  be  a  light-like  vector  not  in  g. 

Here  are  some  further  comments  on  the  definitions  of  the 
various  subspacesof  a  Lorentz  space.   First  of  all  we  note  the 
heterogeneous  character  of  the  three  definitions. 

A  Lorentz  space  itself  is  always  time-like;  every  time- 
like subspace  of  a  Lorentz  space  is  itself  a  Lorentz  space.    In 
particular  a  time-like  subspace  of  dimension   ^  2  contains 
vectors  of  all  three  types. 

The  intersection  of  a  space-like  subspace  and  the  light-cone 
reduces  to  the  vertex  of  the  cone;   this  property  is  characteristic 
for  the  space-like  subspaces.   A  space-like  subspace  is  obviously 
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isomorphic  to  a  Euclidean  space  with  {x/   |  x)   =  -  (x  |  x). 

Finally  we  describe  geometrically  the  light-like  sub- 
spaces.    Every  generator   g    of  the  light-cone  is  a  one -dimensional , 
minimal  light-like  subspace.   The   (n  -  l)  -  dimensional  tangent 
plane   Tg    to  the  light-cone  along  the  generator   g   is  a 

maximal  light-like  subspace,   g   is  the  radical  of  T  , 

g 

furthermore   Tg  =  g  ,  g  =  T      Any  other  light-like  subspace 
H   contains  some  generator    g   and  is  contained  in  the  corresponding 


T  • 


g  C  H  C  Tg. 


Conversely  this  characterizes  the  light-like  subspaces   H.   All  this 
follows  easily  from  the  above  two  theorems  on  light-like  subspaces. 
Time-like  and  space-like  subspaces  are  obviously  regular , 
whereas  light-like  subspaces  are  singular,  since   g   is  orthogonal 
to  everything.   We  emphasize  the  important  fact  that  the  only 
totally  Isotropic  subspaces  are  the  light-like  lines    g. 

The  orthogonal  complement  of  a  time-like  subspace  is  space- 
like, that  of  a  space-like  subspace  is  time-like.   The  first 
assertion  follows  from   (A) .   To  prove  the  second,  let   H   be 
space-like.   Then    H     is  regular  (cf.  p,  95) 
and  thus  either  space-like  or  time-like.    But  in  the  first  case 
E,    which  is  the  direct  sum  of   H  and   H  ,    would  also  be 
space -like. 

The  orthogonal  complement  of  light- like  subspace     H 

such  that    g  C  H  C  T„    is  a  light- like  subspace    H    such 

J-  ^   J- 

that   g  C  H   C  T  .    Ve  have  the  relations   H  C\   H   =  g, 

g    "" ~™ ™"~ "— ~ — ^ "~"~— ~ ~ 

H  "+"  H   =  T  ;   the  second  follows  from  a  general  property  of 

g 


-  110  - 


orthogonal  complements  proved  on   p.  95. 

3.7    Let    E    be  a  real  space  with  an  isometry   L. 
The  minimal   polynomial   m(t)   of   S   relative  to   L   is  the 
product  of  powers  of  distinct  real  linear  and  irreducible  quadratic 
polynomials  of  the  type 


(t  -  a  )a  ,  a2  «    1,      (t-A)\  a*o,        a*±i, 


[Q(t)]  c,   Q(t)  =  t2  +•  |3t  +  J,  jf      <      k£. 

The  restriction    A   =/=  0   follows  from  the  fact  that  no  factor  of 
the  type    tc     can  occur,  since    L    is  one-to-one.    We 
shall  always  tacitly  assume    A  ^  0   in  the  future.   According 
to  the  theory  developed  in    3-2,     E   is  the  direct  sum  of 
subspaces  denoted  by   E£,   E-  ,   E    whose  minimal  polynomials 
are  the  above  factors  of  m(t).    The  particular  structure  of 
Lorentz  space  permits  the  following  precise  statement  about  the 
factorization  of   m(t)   and  the  corresponding  subspaces. 

The  minimal  polynomial   m(t)   relative  to  a  isometry  L  of 
a  Lorentz  space    E     of  dimension    n    can  be  decomposed 

into 

h 

(3.7.1)  m(t)  =(t  -  1)P  (t  +  l)q  (t  -  A  )T  (t  -  A"1)1*   /  /   Qk(t) 

k  =1 

where  A  is  a  real  number  such  that  A      ^  1,        the  Qk(t)  are  distinct 
real  self -reciprocal  irreducible  quadratic  polynomials  with  leading 
coefficient  1.   The  possible  values  of  p,  q,  r,  h  are: 

(3.7.2)  P=0,l,3;   q  =  0,1,3;    ^  =  0,1;    h  =0,1,2,... 
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with  the  following  restrictions: 

a)  P   +  q   +*   2  r  +  2h  £     n, 

b)  p  ,  q,  r   can  not  vanish  simultaneously, 

c)  the  combinations    {r  =  1,    p  =  3  }  >  {r  ■  1*  q  =  3  1 

{  P  =  3>  q  =  3  }   can  not  occur. 
Among  the  subspaces  E  ,  EQ  ,  £  ,E..j  j    into  which  E 

t     ^     A       A 

is  decomposed,  any  one  of  the  types  E£    or   E     is  orthogonal  to 

every  subspace  except  itself,  while  a  subspace  of  the  type   E,  is 
orthogonal  to  every  subspace  except   SA-1   •    Tne  E*   and    £ 

are  regular;    E-   and   E  i  are  singular,  but  the  direct  sum 

A  A 

P   of   E     and    E  -i     is  regular. 

A  A 

Every    E.    is  space -like  while  the  direct  sum 
P   of   Ex   and    E  _i    is  time-like.   An   E„   with  minimal 

A  A  * 

polynomial   t   —  £     may  be  either  time-like  or  space-like. 
An   E.    with  minimal  polynomial  (t  -   £  )    is  always  time-like. 
All  three  of  the  two  subspaces    S     and  the  unique  subspace  of 
the  kind   P  cannnot  be  absent  simultaneously;   moreover  exactly 

one  among  those  present  is  time-like.   These  assertions  include 
and  motivate  the  restrictions   b)   and    c). 

We  turn  to  the  proof  of  this  somewhat  long  statement. 

By    Example   I.   for   Lemma   IV.   we  know  that  a  subspace 

E-   whose  minimal  polynomial  is   (t   —  A  )>  is  totally  isotropic. 
A 

On  the  other  hand,   since  the  dimension  of  this  subspace  is  >  r 
and  since  the  only  totally  isotropic  subspaces  in  a  Lorentz  space 
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are  the  light-like  lines,  we  obtain  r=  1. 

It  follows  in  a  similar  way  from  Example  II.  for  Lemma 
IV,  that  Q(t)  =  t2   ■+-  /3  t  +y  must  be  self -reciprocal,  that  is 

-V  =  1.   This  being  the  case,  Example  II.  for  Lemma  VI  proves 
that  the  exponent  of  Q(t)  in   m(t)  must  be  1. 

It  follows  from   Example  I.  for  Lemma  VI.  that  the 
exponent  of   (t  -  £  )  in   m(t)  must  be   ^3. 

Now  Lemma  III"318  proves  that  every   Eq    is  orthogonal 
to   E  ,  E     and  to  all  the  other  sub spaces  of  type   Eq;   S, 

is  orthogonal  to  E  ,  to   S     and  to  En;     E  ,  is  orthogonal 

\  -£  HA 

to  every  subspace  except  possibly  to  S  .]  .    From  the  last 

A 

statement  we  infer  that    (t   -  j\   )   and  (t   -  A"  "*")  occur 

simultaneously,  since  otherwise  the  whole  space   E   would  be 

singular. 

Furthermore,  E    and   E^  with  u  j=    / 

cannot  occur  simultaneously,   since  both  would  contain  isotropic 

vectors,  which  are  orthogonal  to  each  other  without  being  collinear, 

in  contradiction  to  (B). 

Finally  all  subspaces  E0,  E,  P  =  E+-E-1   are  regular, 

"*    E         A  A 

since  each  of  them  is  orthogonal  to  all  others,  and  on  the  other  hand 

the  entire  space  E  is  regular.  The  light-like  subspaces E  and  2-1 

a  A 

are  clearly  singular. 

As  to  the  assertions  a),  b),  c)  in  the  statement,  the  first 
is  obvious,  while  the  other  two  will  be  proved  as  we  go  along, 
together  with  the  assertion  at  the  end  of  the  statement. 

3.8  Next  we  prove  that  the  subspaces  Eq  are  space -like.  Let 
a  be  an  arbitrary  non  zero  vector  of  Sq  and  define  the  vector   b 
by  (3.5.3).   Then  (a  I  b)  =  0  and  (a  I  a)  =  (b  I  b)  by  (3.5.M  and 
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(3.5.5).   Moreover,  because  of  (3.5.2) 

(3.8.1)  2sin0.b=(L-L  )a  =  2(L  -(L  +  L   )  )a  =  2(La  -  cos£  .a) . 

The  vectors  a  and  La  are  not  collinear,  because  otherwise  the  minimal 
polynomial  of  a  would  be  linear.  This  is  impossible,  since  it  must  divide 
Q(t).  Hence,  on  account  of  (3. 8.1),  a  and  b  are  not  collinear  either 
and  thus  span  a  two-plane.   If  u=so<  a  +  3  b  is  an  arbitrary  non  zero 
vector  in  this  two-plane,  then  (u  I  u)  =  (ol  -4-)3  )  (a  |  a).   Hence 
sgn  (u  |  u)  is  independent  of  u.   Then,  by  axiom  (II),  sgn  (u|  u)s  -1, 
and,  in  particular,  sgn  (a  I  a)  =  -  1,  i.e.  a  is  space-like.  Since  a  is 
an  arbitrary  vector  of    E  ,  this  subspace  is  also  space-like. 

The  direct  sum  of  the  subspaces  Eq,  belonging  to  different 
polynomials  Q,  is  space-like,  since  the  Eq     are  mutually  orthogonal. 
It  follows  that  in  (3.7.1)  the  exponents  p,  q  and  't   can  not  vanish 
simultaneously,  since  otherwise  E  would  be  identical  to  the  above 
direct  sum  and  so  E  itself  would  be  space-like. 

The  restriction  of  the  metric  form  to  a  subspace  E-  is 

1st 

definite  negative  and  it  is  easy  to  check  that  in  spite  of  this 
difference  of  sign  all  the  considerations  of  3*5  apply;  EQ  is  the 
direct  sum  of  two-planes  in  which  L  induces  a  rotation,  which  we  will 
now  call  an  elliptic  rotation,  and  which  is  given  by  the  real  formulas 

(3.5.3)  or  the  complex  formulas  (3.5.9). 

-2 

3.9  Now  suppose  that  the  factors  (t  -A)  and  (t  -  A   ),  which 

we  know  must  occur  simultaneously,  actually  occur  in  the  factorization 
(3.7.1)  of  m(t),  i.e.  T  =  l.  We  already  know  from  3.7  that  the 

corresponding  subspaces  E   and   E .-1  are  light-like  lines  annihilated 

-I    *        * 

by  L-  A        and  L  -  A    respectively.   These  lines  are  different, 

2  -1 

since  A  =£  1,  i.e.  A  £  A  .    We  shall  show  that  the  two-plane  P,  the 

direct  sum  of  E    and   E^-l  ,  is  time-like.   Indeed,  let  £  and  m 

be  any  two  non  zero  vectors,  £  «  E  ,  ra  €  E  -j  . 

A  A 
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Since      (W)     =     (tnltn)    *■  0,   it  follows  that 

(3.9.1)  (fim|f±   m)=r±2  (/  |  m). 

Since     (Mfn)=p0       according  to   (c),  one  of  the  two  vectors    v±    m 
is  time-like,   the  other  space-like,  and  hence  P  is  time-like. 
We  have 

(3.9.2)  L^rAf    ,   Lmr  A     %        A  £  1. 

Any  non  zero  vector  a  in  P,  which  is  neither  in  E  ^  nor  in  E  ^-/ 
can  be  uniquely  expressed  in  the  form   a  =  *  +  m,  t  6  E  ,  in  €  E  -j , 
I  tP  0,  m  ^=  0.  We  set  "b  —  £  -  m  and  note  that,  by  means  of  the 
relations 

(3.9.3)  a=M-m,   b  =r  I   -  m,    *  €  E  ,  m  6  E  -I , 

A        A 

a   and  b  determine  each  other  in  a  unique  way  and  that  moreover  the 

correspondence  is  involutory.   Indeed  (3.9-3)  can  also  be  written 

b=:£  +  (-m),  as  I    -  (-m)  with  f^S   ,   (-m)   6    E  -|  . 

A  A 

We  have,  according  to (3.9.3)  and  (3-9-l)> 

(3.9.^)   (a  |  b)  =  0,   (b  I  b)  =  -  (a  I  a)  ^  0, 

the  last  relation  being  a  direct  transcription  of  (3.9.1). 

Of  the  two  cases  A  >  0   and   A  <  0,  we  first  consider  the 
more 
becomes 

(3.9.5)  L  t   =  e^t    ,   Lm  =  e~   m,  0^0. 
From  this  and  (3-9.3)  we  have 

La  =:  L  (C  +  m)  =  e  t  +  e  m=e    — - —  +  e —  . 

This  gives  for  La  and,  by  symmetry,  for  Lb 

(3.9.6)  (  La  =  ch0.a  ♦  sh  5  .b       L~'  a  -  ch  6   .a  -  sh  B   .b, 
Lb  =  sh0.a  +  ch0.b       L   b  =-sh  5.  a  +  ch  $   .b, 

(a  I  a)  =  -  (b|  b),  a  X  b. 
The  formulae  (3-9-5)  and  (3.9.6)  which  are  connected  by  (3-9.3) 


important  one,  viz.  A  >  0,  and  set  A  =  e  .   Then  (3.9-2) 
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are  clearly  equivalent.  They  give  the  restriction  of  L  to  the  two- 
plane  P.   The  corresponding  transformation  is  called  a  hyperbolic 
rotation  in  the  plane  P.   Historically  speaking,  it  is  the  genuine 
Lorentz  transformation. 

We  see  that  the  plane  P  is  invariant  and  irreducible  under  L. 

If  A  <  0  we  set  A=  -e  .  The  corresponding  L  appears 
as  the  product  (taken  in  any  order)  of  a  hyperbolic  rotation  and 
a  symmetry  with  respect  to  the  origin.   In  relativistic  terminology 
such  a  tranformation  is  called  improper  since  it  interchanges  the  two 
halves  of  the  light-cone.   The  two-plane  P  is  again  invariant  and 
irreducible. 

3.10  Finally  we  focus  our  attention  on  one  of  the  spaces 

o 
E  ,  where  £  =  1.   We  suppose,  of  course,  that  a  corresponding  factor 

actually  occurs  in  (3.7.1).  We  already  know  that  B   is  regular. 

The  following  long  statement  gives  detailed  information 
concerning  the  structure  of  the  subspaces  E£  . 

Let  E   be  that  subspace  of  Ef  which  is  annihilated  by 
L  —  £   .   E    is  invariant  and  may  be  regular  or  singular. 

a)  If  Eg  is  regular ,  E£  =  E  and  the  minimal  polynomial 
of  E£  is  t  -£  . 

b)  If  E.   is  singular,  E£   is  a  proper  light-like  sub- 
space  of  E  ,  the  later  being  time -like.  Eg  contains  a  unique  light-like 
line  g,  to  which  it  is  orthogonal.  The  minimal  polynomial  of  Eg   is 

(t  -£)3.   The  subspace   E£  annihilated  by  (L  -  £)2     is  singular. 

It  is  identical  to  the  hyperplane  T   tangent  to  the  light-cone  along 

g 

the  generator  g.   In  the  succesion  E  ^>e"    D  E1     the  dimension 
decreases  by  1   at  each  step.     We  have 
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(3.10,1)       (L-£)  E^  =  g,   (L-e)^E€  =  g. 

The  subspace  Jl   defined  by  (L  -  £ )  E  =  77  is  a  light-like 


two-plane  7/  D  g,  71  X  g.  Furthermore 

(3.10.2)        e,j~  =  TT  t       JT"L  =  s' 


e     >  s 

the  complements  being  taken  with  respect  to  E  ,  and 

(3.10.3)        e^  +  TT  =  Tg,   e^  n  JT   =    g. 

it         l     rr 

The  subspaces  T^=S  ,  E  ,  //  ,  g  are  invariant. 

g   £    £  / 

Proof  and  Comments,   (a)  The  fact  that  E  =  E£  ,  if  the 
latter  space  is  regular,  is  contained  in  Lemma  VII  (p.  99     ).  In 
this  case  (L  -  £)  annihilates  the  whole  space  EL,  i.e.  E£  is  point- 
wise  invariant  if  6=1,  and  point-wise  reflected  in  the  origin  if  £  =  -  1. 
If  dim  E.  £.  2,  the  space  E-  can  be  decomposed  into  the  direct  sum  of 
-*>  mutually  orthogonal  invariant  lines  in  infinitely  many  ways.  These 
lines  are  all  space-like,  if  E£  is  time-like  (cf .  pp.  102     and 
10?    ) . 

(b)  From  now  on  we  suppose  that  S  is  singular,  or,  in  other 

c 

terms,  light-like.  Then  E  is  time-like,  since  it  is  regular  and  contains 
the  light-like  subspace  e'   (p.  107  -  108   ).   We  know  (cf.  p.  112    ) 
that  the  remaining  possibilities  for  the  minimal  polynomial  of  Eg  are 
(t  -£)2  and  (t  -  £)3.   We  shall  show  that  (t  -  £)2  is  impossible. 

We  first  observe  that  (3.10.2)  follows  from  Lemma  VIIIbis,  with 
f (t)  =  t  -  £,  and  that  (3.10.3)  follows  from  the  theorem  at  the  end  of 
section  3.6,  since  g  is  the  radical  of  T  . 

Next  we  prove  the  first  of  the  equations  (3-10.1)  stating  that 
(L-£)E"=g.   Set(L-£)  E"  =  G.  Then  G  C(L  -  £)E  =J[; 

C  &  ^ 

2  — 

(L  -  £)G  =  (L  -£)  E"  sO,  that  is  G  C  E  •  .   Hence  G  C777)E'  =  g.   On 

fc  *  * 

the  other  hand  let  u  £  g.   Then  u  €  7T  =  (L  -£)E£.   Therefore  there 
exists  y6E   such  that  (L  -£)y  :u,   Now  (L  -£)2y=(L  -«)  u  =  0, 


By  a  curious  misfortune  a  long  and  distorting  omission 
occurred  in  the  sentence  of  lines  13  -  15  on  p.  116.  You 
may  either  delete  this  vicious  sentence  or  complete  it. 
Both  are  easy. 

M.  Riesz 
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since  u6gC£f.       Consequently     y  6  S"     and  u  =  (L  -  £  )y  €•  (L  -£)  E"  =  G, 

»  £  £ 

that  is  g  C  G.   Summing  up,  ve  have  G  =  g. 

Now  we  prove  that  E"  =  T^.  and  "begin  by  showing  that  E"  C  T  . 

€  S  £       8 

Let     y  €  E "       and  set  (L  -£)y  =  u.       Then,  as   Just  shown,     u  e.   g. 

c> 

Now,  if  u  s  0,  yeS'CL,   If  u  =£  0  we  first  note  that  u  €  g 
implies  (  u  J  u)  =  0  and  secondly  we  use  the  isometry  relation 
0  =  (Ly  I  Ly)  -  (y  I  y),  which  in  view  of  Ly  =  Cy-t-  u,  £  =1  and 
(uju)sO  reduces  to  0=2£(y  |  u)  or  (y  (  u)  =  0.   From  u  €  g  and 
u^cO  it  then  follows  that  ylg,  that  is  y  €.  T '  . 

On  the  other  hand,  the  assertion  T_  C  E"  is  clearly 

o 
equivalent  to  the  assertion  (L  -  £ )  T.aO,  which  we  shall  show  to  he 

/   -rr  * 

valid.  We  know  that  LsE  +//.  Now  (L  -£)  S'  =  0,  since  (L  -£)E«  =  0, 

o     £  £  £ 

and  (L  -  £ )  /'  -  (L  -£)  S.  =  0,  since  as  proved  on  p.  112   ,   the 

P 

exponent  p  of  the  minimal  polynomial  (t  -£)  of  E  is  ^3. 

Herewith  the  proof  of  the  assertion  E"  =  T_  is  completed. 

e> 

Now  we  are  able  to  prove  that  the  minimal  polynomial  of  E-.  is 

3 

(t  -  £)  .   Since  S  is  regular  and  E"  =Tff  CS    is  singular,  E"   is 

£  £     e>     C  c 

a  proper  subspace  of  Eg.   Thus  (L  -  £)  does  not  annihilate  the  entire 
space  E£  and  therefore  the  minimal  polynomial  of  Eg  is  (t  -  £)3. 

Before  going  further,  we  collect  some  facts  which  are  obvious 
by  now.   The  minimal  polynomial  of  E-  is  (t  -  £)  ,  that  of  E"  =  Tg 

and  of  TT   is  (t  -  £ )  ,  that  of  E •   and  of  g  is  t- £ .   The  minimal 

o 

polynomial  of  x  in  E-  but  not  in  T„  is  (t  -£)  ;  important  examples 
of  such  x  are  any  time-like  vector  or  any  light-like  vector  which  is 
not  in  g.  The  minimal  polynomial  of  y  in  T  .  but  not  in  E1  ,  or 
equivalently,  in  7/  but  not  in  g,  is  (t  -  £ )  ;  that  of  v  in  E*  but 
not  =0  is  (t  -  £). 
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The  second  of  the  equations  ( 3.10.1)  stating  that 
(L  -  £  )2Ef  =  g  follows  by  Lemma  VIIIMs  from  g  =  T 


S 


and  Tg  =  EJf. 


Now  we  arrive  at  the  proof  of  one  of  the  main  assertions 

in  our  statement,  namely  that  Ji      is  a  light-like  two-plane.   The 

light -likeness  follows  from  g  C  //  C  T  .   We  recall  that  g  is 

6 

a  proper  subspace  of  IT  ,  since  (L  -  £  )  g  =  0  and 

(L  -  £   )  77=  g^O.   Let  y  e     TT     ,     7  €E   Tf  ,     y^g, 

hence  If  ^    Ee'         Then  ^L  "  £  ^y  ~  z  e  s'  ^L  "^S^  z'sg, 
z*  =^  0.   Hence  z  =  A  T.   Set  (y  -  Ay)  —  v.   Then  v  e  //  . 

Moreover  (L  -  £  )v=z-Az'  =  0.   Thus  v  €   S1. 

Consequently  v   e    TT  C\    fiJ  =  g>  that  is  v  =  LL  "zm 

Finally  y  =  A7  +   XX  T,  hence  dim  //  =  2. 

Clearly  we  have   dim  T_  =  dim   E   -  1.   Furthermore 
the  relation  dim   S1  +•  dim  77"  =  dim  E  (  cf .  pp.  94  -  95  ) 
implies  dim  E*  =  dim  E   -  2.   These  facts  also  follow  from 
the  equation   (z*  I  x)  =  0    for   Tg   and  the  equations 
(z      1   x)  =  0   and   (y  I  x)  =  0    for   E*. 

3.11   We  know  that  the  only  possible  exponent  >  1  with 
which   (  t   -  £  )  can  occur  in  the  minimal  polynomial  of  a  Lorentz 
transformation  L  is  3>  and  we  Just  have  given  a  detailed 
description   of  an  invariant  subspace   E£,  whose  minimal  poly- 
nomial is  (t  -  £   )3.     However,  we  still  do  not  know  whether 
such  a  subspace  actually  can  occur.   We  shall  now  construct  a 
Lorentz  transformation  whose  minimal  polynomial  is  (t  -  £   ) 
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Such  a  transformation  is  called  a  parabolic  rotation  or  reflection, 
for  reasons  to  appear  later. 

The  light-like  two-plane  //  of  3.10  will  play  a 
fundamental  role  in  our  construction  as  revealed  by  the  following 
theorem. 

Theorem.  Let    S    be  a  Lorentz  space  of  dimension 
m  ^  3  and   77   a  light-like  two-plane  in   E.   There  exist 
isometries   L   of   E   such  that  (L  -  £   )e  =  77.    The 
minimal  polynomial  of  E   relative  to  such  an  L  is  (t  -  £    )~>. 
In  the  case  of  £  —  1,  the  isometries  L,  in  the  case  of  £  =  -1, 

the  isometries  (-L)  -  in  both  cases  completed  by  the  identity- 
form  a  one-parameter  Abelian  group. 

We  first  analyze  the  implications  of  the  assumption 
that  L  is  an  isometry  and  that  (L  -  £  )  E  =  /  /  .    The  light- 
like line  in   I  /   will,  as  usual,  be  denoted  by  g,  tangent 

(m  -  l)-  plane  to  the  light  cone  in  E  along  g   by  T  ,  and 

g 

the  orthogonal  complement  of   //   with  respect  to   E    by   E'. 
As  we  know  (cf.  p.  109  )      77  D  JS«  =  g, 

//   -t"   E1  =  T  .    All  these  proper  subspaces  of  E  are 
singular,  and  all  are  determined  by   77   ,  since  g  =  rad  //  , 
Tg  =  gf    E'  =  77 

From  (L  -  S   )  E  =  TT      and   77  =E*,  it  follows  by 
Lemma  VIIIbis   that   Ef  is  the  subspace  of   E   and 
g  =   77  O  E'  the  subspace  of  77  which  are  annihilated  by 
L  —  £       .   Next  we  prove  that  (L  -  £  )  TT    =   g.   To  this  end 
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let  0  =£   z   G  g.   We  first  show  that  there  exists  a 

y  £  77"   such  that  (L  -  £  )y  =  z.    Since  (L  -  £  )  E  =  77 

and   z  e  g  C  //   >  there  exists  a   v  €.     E  such  that 

(L  -  £  )  v  =  z,  or  equivalently   L   v   =  £  v  +■  z.  The 

isometry  relation    0  =  (Lv  I   Lv)  -   (v  I  v)  together 

with  £   =1   and  (z  |   z)  =  0  implies  that 

0  =  2  £  (v  |   z)  +-  (z  |   z)  =   2  £  (v   (   z)   and  then 

(v  !  z)  =  0.    Hence   v-i-g   or   v  £  g1  =  T  »  ]f+E', 

that  is  v  =  y  -f-  u,    y  e  Tf     ,       u  e  S ' .    Then 

z=(L-£)   v=(L-£)y+(L-£)u=(L-£)y, 

as  we  had  desired  to  show.   Since   (L-£)y=z:^r0, 

(L   -  £  )z  €■  (L  -  £  )g  =  0,  y  and   z    are  not 

collinear,  and  hence  they  form  a  basis  for      if  , 

77"=     {Ay+Uzj     .         Consequently,        (L     -  £  )  //  ={Az }   =  g, 

as  asserted  above. 

Summing  up,  we  have  as  consequences  of  our  assumptions 

(L  -£)E  =77;    (L  -  £)2E   =(L     -  £  )  Tf  =   g;    (L  -£)3Z=(L  -  eftf 

(3.11.1) 

=  (L  -  £)g    =    0. 

This  tells  us  that  the  respective  minimal  polynomials  of  E,  7/  , 

3  2 

g  are  (t  -  £)  ,   (t  -  £  )  ,   (t   -  £  ). 

Ve  have  shown  that  to  every  0  ^  z  €  g  there  exists  a  y  e  77" 
such  that  (L  -  £)  y  =  z.   Clearly,  this  y  is  not  unique,  since  the 
above  relation  implies  that  (L  -£)   (y  +  U  z)  —  z    for  an 
arbitrary  JUL    .   None  of  these  y  belongs  to  g,  since  (L  -  £  )g  =0. 
On  the  other  hand,  as  we  have  shown  a  while  ago,  u  e  //   but  u  i  g 
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implies  that  (L  -  £  )  u=£0  .   Taking  all  this  together,  we  see  that 
the  different  y  €  77     satisfying  (L  -  £  )  y  =  z,  with  a 
given  non  zero  z  €     g  form  a  line  parallel  to  g  but  different  from  g. 
Having  gone  through  these  details,  select  a  y  e  /  /  ,  y  £    g 
and  set  (L  -  £  )  y  =  z.   Then  z  =^  0,  z  e  g,   (z   |   z)  =  0, 
while  y  €.   /  /  implies  that   y  J-  g.   Since  y  ^  g,  y   is  space -like, 
that  is  (y  |   y)  <  0.   Collecting  these  facts,  we  may  state: 
From  (L  -  £  )  E  =  7T,   ye//,  y  ^  g,   (L  -  £  )  y  =  z   it  follows 
that 

(3.11.2)  (z  I  z)  =  0,  z  e  g,  z  =^=  0,  (y  |  z)=0,  y  J.  g,  (y  |  y)  <  0. 
We  claim  that  for  an  arbitrary  fixed  pair  y,  z,  yt  //,  y  ^  g, 

z  £:  g,  z  ^=  0,  there  exists  one  and  only  one  isometry  L  of  E  such 
that  (L  -  £  )  E  =  77and  (L  -  £  )  y  =z.   In  order  to  fulfill  the 
requirement  (L  —  £)  E  =  //,  we  seek  a  vector  x  €=  E  and  an  isometry  L 
such  that  (L  —  £  )  x  =  y.   With  the  further  requirement  (L  -  £)  y^z  =^0 
and  its  consequence  (L  -  £ )  z  =  0  we  have 

(3.11.3)  (L  -  £  )  x  =  y,  (L  -  £  )  y  =  z  =/=  0,   (L  -  £  )  z  =0, 
or,  equivalently, 

(3.11.4)  Lx=£x+-y,   Ly  =  £y  -h  z,  Lz  =  £z  =£  0. 

(in  learned  terminology  we  have  here  a  Jordan  normal  form  corresponding 
to  an  elementary  divisor  of  order  3. 

The  postulate  that   L   is  an  isometry  requires  that 

(3.11.5)  (Ls  I  Lt)  =  (s  I  t), 

s  and  t  denoting  any  two  of  the  vectors  x,  y,  z,  distinct  or  identical. 
It  is  readily  seen  that,  as  far  as  the  vectors  y,  z  only  are  concerned, 
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these  relations  are  automatically  fulfilled  by  virtue  of  (3.11.2),  (3.11.1*-) 

2 
and  £  =1.   Nov  ve  will  find  the  requirements  which  the  isometry 

postulate  imposes  on  the  vector  x.   According  to  the  equations  (3.11.4) 

2 

and  £  si,  the  postulates  (3.11.5)  are  respectively  equivalent,!)  for 

s  s  x,  t  =?  z   to  (y  |  z)  =  0  ,  which  is  already  known  by  (3.11.2) 
2)  for  s  =  x,  tsy  to  (x  |  z)  +  (y|  y)  =  0,  3)  for  s  =  x,  t  =  x 
to  2  €  (x  |  y)  H"  (y  I  y)  ~  0.  Thus  we  have  as  requirements  upon  x, 
(3.11.6)   (x  |  z)  =  -(y  |  y)  >  0,  £  (x  |  y)  =  -  |  (y  |  y)  >  0. 

The  vectors  y  ,  z  and  any  vector  x  which  satisfies  (3.11.6) 
are  linearly  independent,  since  y  ^  z  €  77,  0=pz6g>y^g  and, 
on  the  other  hand,   x  fe  7/  ,  because  (x  |  z)  ^=  0,  i.e.   x  is  not 
orthogonal  to  g<   This  being  the  case,  we  extend  the  transformation  L 
by  linearity  to  the  space  spanned  by  x,  y,  z  and  find  for  any  vector 
v  in  this  space  (Lv  /  Lv)  =  (v  |  v)  as  a  consequence  of  (3.11.5). 

Now  let  us  suppose  for  a  short  while  that  the  dimension  of  the 
Lorentz  space  E       is  equal  to  3.   Hence  3  is  identical  to  the  space 
spanned  by  the  vectors  x,  y,  z.   The  transformation  L  is  then  defined 
by  the  above  in  the  entire  space  E,  and  is  an  isometry  if  (3.11.4)  and 
(3.11.6)  are  fulfilled.   Thus  the  only  remaining  thing  is  to  find  a 
vector  x  satisfying  equations  (3.11.6). 

Now  the  equations  (3.11.6)  define  for  x   two  non  homogeneous 
planes  (that  is,  not  passing  through  the  origin).   Since  y  and  z 
are  not  collinear,  these  planes  intersect  in  a  non  homogeneous  line  h. 
Any  vector  x   from  the  origin  to  a  point  on  h  satisfies  (3.11.6). 
Picking  any  such  vector  x,  the  transformation  L  defined  by  (3.11.4) 
and  its  linear  extension  is  an  isometry  of  the  space  S.  For  a  generic 
vector  vaoix+  /3y  +  J/Z   we  have  by  (3.11.3) 

u  s  (L  -  £ )  v  =  d»y  +  (3z.   Thus  u  S  IT,   and  since  y  }    z  are  linearly 
independent,  L  -  £  maps  E  onto  77  •   Furthermore  u  6  g,  if  and  only 
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if  ot=  0;  u  s  0,  if  and  only  if  <X  =  0,  (3  =  0.   The  construction 
in  the  case  m  =  3  is  thus  completed. 

The  space  E  y   clearly  invariant  under  L,  is  also  irreducible 
in  the  sense  of  the  definition  given  on  p.  96. 

We  add  a  few  comments  concernig  the  degree  of  freedom  in  the 
choice  of  the  vector  x.   The  line  h  is  parallel  to  g  or,  in  other 
terms,  the  admissible  vectors  x  are  congruent  mod.  g; conversely  any 
such  vectors  are  simultaneously  admissible.   Indeed,  the  solution  of 
the  corresponding  homogeneous  equations  (y  I  u)  =  0,  (z  I  u)  =  0  are 
the  vectors  u  €  g.   On  the  other  hand,  the  equations  (3.11.^)  =  (3.11.3) 
imply  that  (L  -  $)   g  =  0.  Hence  any  triples  x^,  y,  z  and  x2,  y,  z  such 
that  X..  -  x2  €  g  satisfy  equations  (3.11.^)  simultaneously.  Consequently 

all  linearly  extended  equations  (3.11.*0  written  with  the  fixed  vectors 

1 

y  t    z  and  any  of  the  oO  admissible  vectors  x  yield  the  same  isometry 

L  of  the  space  E. 

In  the  case  dim  E  =  m  >  3>  equations  (3.11.6)  determine  an 
(m  -  2)  -  dimensional  inhomogeneous  subspace  H.   Any  vector  x  from 
the  origin  to  a  point  on  H   satisfies  (3.11.6).   The  isometry  L 
is  then  defined  as  above  on  the  three-space  E*3)  spanned  by  x,  y,  z. 
This  subspace  is  clearly  time-like  and  also  invariant  and  irreducible 
under  L. 

It  remains  to  extend  the  definition  of  L  to  the  entire  space 
E.  Let  U  be  the  orthogonal  complement  of  e'3/  in  E.   The  subspace  U 
is  space-like  and  E  is  the  direct  sum  of  e'3)  an&  u.   Since  eO)  O  Tf> 
we  have  U  C   IT"  sE1.   Now,  if  there  exists  an  isometry  L  such  that 
(L  -  e)  E  =7T,  we  must  have,  according  to  Lemma  VIIIMs,  (L  -  £)  E1  =  0. 
Hence  we  define  the  extension  of  L  to  U  by  the  relation  (L  -  £)  U  =  0. 
Then  U  is  invariant  under  L.   Furthermore,  if  we  define  L  on  E  by 
linearity,  it  will  be  an  isometry.  Indeed  any  w  €z   E  can  in  a  unique 


=  g,   (L  -£)  E  =  (L  -  £)  IT   =  g. 
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way  be  written  asvsv+u,  v  6  e'3)^  u  6  U,  hence  (v  |  u)  =  0.  Also 

Lv  €  E^\   Lu  ^  U  and  thus  (Lv  |  Lu)  ar  0.   Taking  into  account  that 

2 

(Lv  I  Lv)  =  (v  I  v),  Lu  =  6  u  and  £    =  1,  we  have 

(Lw  I  Lw)  as  (Lv  +  Lu  I  Lv  ■+-  Lu)  as  (Lv  |  Lv)  +  (Lu  |  Lu) 

a(v|v)  +  (u|u)a  (v-f  u|v+u)r(w|  w). 
This  shows  that  L  is  an  isometry  for  the  whole  space  S.  Clearly  the 
minimal  polynomial  of  f/  is  (t  -£)   and  that  of  E  is  (t  -£).   The 
subspaces  E1  and  E*  =s  T '   defined  on  p.  119     as  the  orthogonal 
complements  to  //  and  g  respectively  can  be  written  E1  =g  4-  U, 
S"  =  t„  =  IT +  U,  the  sums  being  orthogonal  and  direct.   We  see  that 
E'  and  E"  are  those  subspaces  of  E  which  are  annihilated  by  (L   -  £  ) 
and  (L  -  £)2   respectively.   We  also  see  that  (L  -£)E=7£  (L  -£)T 

All  this  is  independent  of  the 
choice  of  the  vector  x. 

As  in  the  case  of  m  =r3>  we  investigate  the  degree  of  freedom 
in  the  choice  of  the  vector  x,  the  vectors  y  and  z  having  been  fixed. 
The  nonhomogeneous   (m  -  2) -plane  H,  defined  by  the  equations  (3.11.6) 
is  parallel  to  E'»   This  means  that  all  the  admissible  vectors  x  are 
congruent  modulo   E1  and  that  conversely  all  such  vectors  are 
simultaneously  admissible.   Indeed,  in  the  present  case,  the  solutions 
of  the  corresponding  homogeneous  equations  (y  |  u)  3  0,  (z  I  u)  =  0  are 
the  vectors  u  €  IT   as  3 ' .  On  the  other  hand,  because  of  (L  -  €  )E '  =  0, 
we  obtain,  through  a  reasoning  analogous  to  the  one  used  in  the  case 

m  =.  3>     the  fact  that  all  equations  (3.11.4)  written  with  the  fixed 

m-  2, 

vectors  y,  z  and  any  of  the  OO      admissible  vectors  x,  and 

extended  to  the  whole  space  E  in  the  way  given  above, yield  the  same 
isometry  L  of  this  space. 

The  three-space  E^'  spanned  by  the  vectors  x,  y,  z,  its 
orthogonal  complement  U  and  the  decomposition  E  =  e'3)-j-  u,  all  of 
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which  were  essential  tools  in  our  construction,  did  not  appear  in  the 
last  development,  culminating  in  the  uniqueness  of  an  isometry  L  such 
that  (L  -  £  )  E  =  77",  (L  -  £  )  y  =  z,   y  €  77",   y^g,  z  6  g,  the 
couple  of  vectors  y,  z  being  fixed.  One  would  expect  that  all  the 
subspaces  E^  spanned  by  y,  z   and  any  admissible  vector  x  are 
identical.  Indeed,  in  our  construction  E*3'   appeared  as  carrying  the 
virulent  part  of  the  transformation  L,  while  U  was  point-wise  invariant 
for  £  a  1,  and  point-wise  reflected  in  the  origin,  for  £r-l.   How- 
ever, the  conjecture  put  forward  above  does  not  agree  with  the  facts, 
the  subspace  E^/  and  the  corresponding  decomposition  are  not  unique, 
as  we  shall  see  in  a  moment. 

Let  L  be  the  isometry  considered  above  and  let  e'3'  be  an 
arbitrary  three-dimensional  time-like  space  such  that  E  3E^O  J]   . 
We  shall  prove  that  E^-"  and  its  orthogonal  complement  U  are  invariant 
under  L  ,  (L  -  £)  E^)  =  Tf  ,       (L  -  £)  U  =  0,  and  that  the  minimal 

polynomial  of  E^3)  is  (t  -  6)3. 

(3) 

We  claim  that  there  exist  infinitely  many  vectors  x  €  E  , 

congruent  modulo  g,  which  satisfy  equations  (3.11.6).  To  prove  this, 
let  Q   be  any  line  in  e'3'  which  does  not  belong  to  T  ,  i.e.  g  is 
not  orthogonal  to  g.   Then  (qnTT)C  (o  C\  Tg)  =  0  and  E^=s  Q  +  77,  the 
sum  being  direct.  Let  0  ^r  v  6  Q        >   then  (v  j  z)  ^p  0,  according  to 
our  assumption.   Set  xsoiv+/3y+  J/  z  6  &       .    The  equations 
(3.11.6)  yield 

(0kv-f(3y+y  z|z)s  -(y|y),  (Oiv  +  fly-fl/z  |  y)=-  i-  (y|  y). 
Since  (z  |  z)rs(y  |  z)  —  o,  this  reduces  to 

et(v|  z)=  -(y  |  y),  o(  (v  |  y)+/3(y  |  y)=  -  \    (y  |  y). 
Since  (v  J  z)  =£  0   and  (y  |  y)  ^  0  (as  we  know,  (y  I  y)  <  0), 
Ci   and  3   can  be  solved  for  in  a  unique  way,  while  V    remains 

arbitrary.   The  remainder  of  our  assertion  should  be  obvious  by  now. 

m-2 

We  see  that  to  the  ©O     admissible  vectors  x   these 
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m-3 

correspond  OO    decompositions,  those  vectors  x  which  are 

congruent  modulo  g   giving  the  same  decomposition. 

By  the  preceding  we  see  that  in  the  case  of  dim  E  >  3>  the 

(3) 

subspaces  E     do  not  play  any  intrinsic  role  in  the  structure  of  the 

isometry  L.   The  explanation  is  the  following.   For  any  choice  of  an 
admissible  x,  the  stable  subspace  is  not  the  subspace  U  defined  as 

the  orthogonal  complement  of  the  three-space  e'3J  spanned  by  the  vectors 

± 
*>  Y>   z,  but  the  subspace  E'  =  U  +■   g.   This  subspace  E1  =  TT   is 

determined  by  IT  and  is  entirely  independent  of  the  choice  of  x. 

In  this  connection  we  consider  briefly  the  particular  case 
of  a  four-dimensional  Lorentz  space,  i.e.  the  space -time  of  special 
relativity. 

Denote  the  space  by  E  again  and  let  L  be  a  Lorentz  transformation 
in  E  with  the  minimal  polynomial  (t  -£)3.   Setting  as  before 

(L  -  £  )E  =  Jf  >   rad  7T  =  g,  g  =  Tg,  ve  have  here  dim  Tg  =s  3.   The 

J, 

subspace  E*  S  \T         which  is  point-wise  invariant  if  £   «  1  ,  and 

point-wise  reflected  in  the  origin  if  £  =-1,  is  here  a  light-like  two- 
plane  orthogonal  to  the  light-like  two-plane  II  and  having  with  it 
the  generator   g  in  common. 

to) 

Let  £*->'  t)e  an  arbitrary  time-like  theree-space  such  that 
1/  C   e(3)  C  e.   The  orthogonal  complement  of  E^'  is 
a  space-like  line  U  C  E1.   Both  E*3/   and  U  are  invariant  under 
L,  the  minimal  polynomial  of  e(3)  iS  (t  -£)3  and  that  of  U  is  (t  -£). 
To  obtain  the  po  decompositions  E  =  E^'  •♦"  U,  it  is  most  convenient 
to  choose  the  line  U  ^  g   arbitrary  in  E*  and  obtain  the  corresponding 
E^     by  the  relation  E^3'—  U 

For  the  occurrence  of  parabolic  rotations  in  the  theory  of 
electromagnetic  fields  see  section  4.17. 

Now  we  prove  the  last  part  of  the  theorems  stated  on  p.  119 
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concerning  the  group  property.   Without  loss  of  generality  we  can 
suppose  £  =1.    We  shall  show  that  all  isometries  such  that  (L  -  l)  E 
=  //  ,  completed  with  the  identity,  form  a  one-parameter  Abelian 
group.   As  proved  above,  any  such  isometry  is  entirely  determined  by 
the  choice  of  a  couple  y  £  M,   y  ^  g,   0  =/=  z  €:  g  and  the 
equation   (L  -  l)   y  =  z.   A  second  equation   (L  -  l)  z  =  0 
is  contained  in  the  equation   (L  -  l)  g  =  0,  which  in  a  general 
way  follows  from   (L  -  l)  E  =  /  /  .   Nov;  we  still  fix  y,  but  let 
z  vary  along  the  line  g,  that  is  we  set  z  =  o<  z,   where  the  vector 
0  =f-   z  &   g  is  fixed  and  o(  is  a  real  parameter.   If  the  corresponding 
isometry  is  denoted  by  L^     ,  we  have  L^   y  =  y  -h  ex  z"',   L    z  =  z. 
In  an  analogous  way  L  ~   y  =  y  +  /J  z,   L«   z  =  z.   From  this  it 
follows  that  Lq     (L  »     y)  =  L^   (y  +■  ft    Is)  =■  y  +■  oC  z"  -*•  ^3  z^  =  y 
+  (<X-h/3)  ?,L^   (L^   z)  =  ~.   Hence  L^  ^  -  ^  L^L^^f5     ' 
The  isometry  L   is  clearly  the  identity. 
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Chapter  IV 
Representation  of  isometries  by  infinitesimal 
transformations  and  Clifford  bivectors 

4.1  In  Chapter  III  we  have  carried  out  a  thorough 
investigation  of  the  structure  of  the  isometries  of  the  real 
Euclidean  space  and  the  real  Lorentz  space.  Here  we  shall  re- 
consider our  results  in  the  light  of  the  concept  of  infinites- 
imal transformations . 

Let  E  "be  an  n-dimensional  vector  space  provided  with 
a  symmetric  metric  (x  |  y) .  The  transformation  L  -  1  +  £T, 
where  T  is  a  linear  transformation,  is  called  an  infinitesimal 

isometry  if  (Lx  I  Lx)  =(x  I  x)   is  correct  in  first  approximation, 

2 
that  is,  if  £        is  neglected.   To  this  approximation  we  have 

(x  +-  £  Tx  |  x  +  £  Tx)  =  (x  |  x)  +  2  £  (x  |  Tx) . 
Hence  the  necessary  and  sufficient  condition  for  L  to  be  an 
infinitesimal  isometry  is  that 
(4.  1.1)  (x  |Tx)  =  0. 

Writing  this  relation  also  for  (x  -  y),  instead  of  x,  we  obtain 

(4.1.2)  (x  iTy)  +  (y  |  Tx)   =  0, 

which  shows  that  also  (x  +  £  Tx  |  y  +  6   Ty)   =  (x  I  y)   is  correct 
in  first  approximation.  A  linear  transformation  T  with  the  equi- 
valent properties  (4.1.1)  and  (4.1.2)  is  called  skew -symmetric 
(or  shorter:   skew)  relative  to  the  metric  (x  I  y) .  We  show  by 
induction  that  T   is  skew-symmetric  for  any  odd  p  and  sym- 
metric for  any  even  p  or,  more  briefly, 

(4.1.3)  (xlTPy)   =   (yl(-T)Px). 
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Indeed  if  (4.1.3)  holds  for  any  p  <  q,  we  find  by  using 
T4     =  T4T  =  TT  ,  that 

UlT*+1y)  =  -  (Ty  |  (-T)lx)  =  (y  I  (-T)q +1x) . 

If  f (t)  is  a  polynomial,  we  have  (x  I  f (l)y)  .  (y  |  f (-T)x) 
This  result  corresponds  to  Lemma  II.  in  3.^.  The  other  Lemmas 
concerning  isometries  also  have  their  couterparts  in  the  present 
case  of  infinitesimal  isometries;  they  are  in  general  simpler 
in  form  and  easier  to  prove. 

Let  not  A  be  any  linear  transformation  of  a  finite 

dimensional  vector  space  £  into  itself.  We  define  a  new 

A 
linear  transformation  expA  =  e   by  setting 

A      ^T    An 

(4.1.4)  e 


n' 
n  -  o  "• 


We  shall  prove  in  section  4.l8  that,  in  an  appropriate 
sense,  the  right  hand  side  converges  like  an  absolutely  conver- 
gent numerical  series  and  can  be  dealt  with  in  a  similar  manner. 
Now  let  B  be  another  linear  transformation  and  suppose  that  A 

and  B  commute  with  each  other.  Then  we  have 

fu    i    c\  A3  a  +B 

(4.1.5)  e       e        =     e 

Indeed, 

a  b    r-  a_  y-  jl      y    y      *—.&- 

h~o  i=o         '  ^^0    k+t  =  m 
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In  particular,  if  s  and  t  are  scalars 

(4.1.6)  sA  tA      (s+t)A 

e   e    =  es  . 

Furthermore  we  have  the  following  important  fact: 

T 
If  T  is  skew-symmetric  then  e   is  an  isometry.  We  obtain 

by  means  of  (4.1.3)  that  (x  I  eTy)  =   (y  |  ex).  Replacing  x 

rn 

by  e  x  and  using  (4.1.5)  it  follows  that 

^•1'7)  (eTx|eTy)  =   (x|y). 

If  s   is  a  continuous  real  (or  complex)  parameter,  then  sT 

sT 
is  also  skew-symmetric,  and  L(s)=  e   is  a  one -parameter 

Abelian  group  of  isometries,  where  the  identity  corresponds  to 

s  =  0. 

We  have  now  according  to    (4-.l.b) 


(s-J-h)T       U-hjT  sT     hi        -hT 

lim — — -     lim     e       e       -e  a  e      .T, 

h  ->  o  h  -*  o  2h 

because 

oo 

hT  -hT  V1       .      .2k-M 

e        -  e  =     2hT         -H         2         <C_. 


(hT) 


k   =  1    (2k -HI)! 

„  _   sT/,      _       sT  ....  n  sT/     n  sT  ~n 

Hence  de     /ds    =     e      .   T     and  by  repetition     d  e     /ds      =  e      ,T    . 

In  particular 

(4.1.8)  def!  .     T     ana     dVT  a       Tn   _ 


dS    (s   =  o)  dE      (S   =  o) 


We  have   just  seen  that  to  every  skew-symmetric     T     there 

sT 
belongs  a  one -parameter  group  of  isome tries  e   .   Conversely, 

if  L(s)   is  a  one-parameter  group  of  isometries,  depending 
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analytically  on  s,   such  that  L(s  •+-  t)  =  L(s)L(t),  then 

sT 
L(s)  =  e    with  a  skew -symmetric  T.  To  prove  this,  let 

lim  L(s-t-h)  -  L(s-h)   =  L(S).  T, 

2h 

h  -*  o 

where 

T  =  lim    L(h)-L(-h) 


h  ->o      2h 

Hence 


-A-L   (s)  =  L(s).T, 
ds 


and.  as  above 

,n 


Ciki  ;  L(sJ.Tn  , 


ds 


and  since  necessarily  L(0)  »  1, 
d  L(s)        _  rpn 

dsD   (     -   i  " 
(s  =  o) 

It  follows  that 


L(s)  =  e   , 
since  both  functions  are  analytic  and  they  have  the  same  deri- 
vatives at  the  origin. 

Furthermore  T  is  skew-symmetric,  since 

L(h)  -L(-h)  =  Hh)  -  L-1Ch) 
and 
(4.1.9)     ((L  -  L"  )x  I  x)  =  (Lx  |  x)  -  (L~  x  I  x)  =  0. 

In  agreement  with  the  terminology  used  in  the  theory  of 
Lie  groups,  we  say  that  T  is  the  infinitesimal  transformation 
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or  the  one -parame ter  group  L(s).  This  group,  as  well  as  any- 
particular  element  of  this  group,  are  said  to  be  generated  by 
the  infinitesimal  transformation  T. 

Let  G  be  a  group  continuously  depending  on  a  finite 
number  or  parameters.  Those  elements  of  G  which  can  "be  con- 
nected with  the  identity  by  some  continuous  arc  form  a  sub- 
group G  ,   called  the  connected  component  of  the  identity. 

T 
Every  isometry  e   generated  by  a  skew-symmetric  trans- 
formation T  belongs  to  the  connected  component  of  the  identity, 

since  we  have  a  continuous  passage  by  means  of  the  is ome tries 

sT 
e    with  s  varying  from  0  to  1. 

One  of  our  principal  aims  is  to  establish  that  a  per- 
fect converse  of  this  statement  is  valid  as  far  as  isometries 
of  the  real  Euclidean  space  and  the  real  Lorentz  space  are  con- 
cerned, namely  that  every  isometry  of  these  metrics  belonging 
to  the  connected  component  of  the  identity  can  be  generated  by 
some  infinitesimal  transformation.  This  property  is  the  more 
remarkable,  since  it  is  not  shared  by  any  other  real  metric. 

k.2.     Let  E  be  an  n-dimensional  real  vector  space 
with  either  a  Euclidean  or  a  Lorentz  metric .  Let  L  be  an 
isometry  of  S  and  let  us  begin  by  considering  a  subspace  EQ 
of  E  whose  minimal  polynomial  is  the  irreducible  quadratic 
polynomial  Q(t)  =  t2  +  fi  t  +  1,  with  1/3 1  <  2;  see  3.5  (p.  101) 
and  3.8  (p.   H2).     As  usual, we  also  denote  the  restriction 
of  L  to  Eq  by  the  same  letter  L.  We  set 
(J+.2.1)  f3   =  -  2cos9. 
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Thereby  sin  6    also  is  determined  except  for  sign.   In  the  follow- 
ing ve  mean  by  0    any  solution  of  equation  (4.2.1). 
We  write  the  formula  (3. 5.1)  in  the  form 

(4.2.2)  L+L~   =  cos0  . 

We  define  the  linear  transformation  T  of  E   into  itself  by 

Q 

(4.2.3)  T  =  k_zJi . 

2  sin^ 

This  formula  determines  T  up  to  a  factor  (-l),  while  sin#.T 
is  entirely  determined.  According  to  (4.1.9),  T  is  skew- 
symmetric;  moreover  by  (3.5.3)  and  (3>5.7)  ve  get  the  basic 
relation 

(k.2.k)  T2  =  -  1, 

which  yields 

Qrn 

(4.2.5)  e     =  cos#  +•  sin(9.T. 
Combining  (4.2.2),  (4.2.3),  (4.2.5)  we  find 

(4.2.6)  L  ■  cos£  +  sintf.T  =  e*T,   IT1  =  cos  B    -  sin£.T  =  e"^T, 

We  are  going  to  analyze  the  properties  and  the  structure 

of  a  skew-symmetric  transformation  T  like  the  one  given  by  (4.2.3), 

p 
having  the  property  T  -  -1. 

We  place  ourselves  for  a  while  in  a  more  general  situation 

and  make  the  following  assumptions:  G  is  a  real  vector  space, 

regular  with  respect  to  a  certain  metric,  T  is  a  skew -symmetric 

p 
linear  transformation  of  G  into  itself,   T  =  -1  in  G.  Such  a 

linear  transformation  T  will  be  called  a  skew-symmetric  square 

root  of  (-1)  in  G. 

We  prove  that  such  a  transformation  T  is  also  an  isometry 
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in  G.  More  precisely,  any  two  of  the  three  properties 

a)  T  is  skew-symmetric, 

b)  T2     =  -  1, 

c)  T  is  an  i some try, 
imply  the  third. 

Proof.   If  a)  and  b)  are  satisfied,  then   (Tx  I  Tx)  r 
=  -  (T  x  I  x)  =  (-x  I  x)  =   (x  I  x),  hence  also  c)   is  satisfied. 
If  b)  and  c)  are  satisfied,  then  (x  I  Ty)  =  (Tx  I  T^y)  =  (.Tx  I  -y)  = 
r  -  (Tx  )  y),  hence  a)  is  satisfied.  Finally,  if   c)  and  a) 
satisfied,  then   (xly)  =  (Tx  I  Ty)  =  -  (T^x|y),  that  is  (x  +  T2x  |  y)  =  0 

for  all  x€-G,  y  €:  G.  Hence,  in  view  of  the  regularity  of  the 

2 
metric,   x  +-  T  x  ■  0  for  every  x  ^  G,  that  is  also  b)   is  satisfied. 

Next  we  observe  that  two  subspaces  H  and  H    which  are 
orthogonal  complements  of  each  other  with  respect  to  G  are  simultan- 
eously invariant  under  any  skew-symmetric  transformation  T   (in  G). 
This  follows  immediately  from  the  relation  (x  |  Ty)  +  (y  I  Tx)  =  0. 

A  skew -symmetric  square  root  of   (-1)  has  no  real  eigenvectors. 
Indeed  T  a  z  -  a  and  Ta  =  A   a  gives  A        =  -1.  Hence  dim  G  >•  2, 

If  G  is  a  two-plane,   T  is  one  of  the  two  possible  rotations  by  the 

T 

angle  "g"  ^n  this  plane.   If  dim  G  >  2,  G  can  be  decomposed  by 

means  of  the  transformation  T  into  the  direct  sum  of  mutually 
orthogonal  two -planes  invariant  under  T,  which  implies  that  dim  G 
always  is  even.  To  prove  our  assertion,  let  a  =j=   o  be  an  arbitrary 
vector  in  G,  set  Ta  =  b.  Since  a  and  b  are  not  collinear,  they 
span  a  two -plane  B-,  say.  Next  take  a  vector  c  orthogonal  to  B-.  . 
Then,  as  just  shown,  also  Tc  =d  is  orthogonal  to  B, .  Hence  c  and 
d  span  a  second  two-plane  Bq  orthogonal  to  B-,  .  The  continuation 
is  obvious .   In  each  of  the  two-planes  T  produces 
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r 

a  rotation  "by  the  angle  g".  Reversing  the  steps,  we  have  a 
procedure  to  construct  arbitrary  transformations  of  the  type  T 
in  G.  We  decompose  G,  in  an  arbitrary  way  into  mutually  ortho- 
gonal two-planes  B,  ,  take  one  of  the  two  skew-symmetric  square 

roots  (-1)   in  Bk,  denote  it  for  the  sake  of  convenience  by  T  , 

k 

decompose  any  vector  x  in  G  into  the  direct  sum  x  =  Zl  x 

K 

of  its  orthogonal  projections  into  the  two-planes  Bk  and 

define  Tx  by  the  formula  Tx  =  2  T  x  .   If  dim  G  -  2  V , 

k  k 

the  number  of  independent  parameters  entering  into  this  construction 
is  \>  (v   -l)  for  the  following  reason.  The  choice  of  the  vector  a 
implies  {2V    -1)   parameters,  since  only  the  direction  of  a  counts. 
But  in  the  two-plane  spanned  by  a  and  b,  once  constructed,  any 
direction  can  replace  that  or  a,   hence  the  plane   (ab)  is  deter- 
mined by  2V-2  parameters.  Next,  the  vector  c  has  to  satisfy 
two  orthogonality  conditions,  hence  the  number  of  parameters  enter- 
ing into  the  choice  of  the  plane  is  2  V  -  A  .   The  total  sum  is 
{dV   -2)  +  (2V  -  4)  +  ...  +"  2  =  V   (V  -1). 

We  return  now  to  the  isometries  L  and  L"   treated  above 
and,  in  particular,  to  xheir  representation  by  T,  as  given  by  the 
formulae   (4.2.6).   If  9    denotes  one  particular  solution  of 
(4. 2.1),  then  all  solutions  can  be  written 

(4.2.7)  &v=     ±     {Q+'drV    ),       r*  0,±l/±2,... 

Each  of  the  two  sequences  of  0    ,  corresponding  respectively  to  the 
signs  plus  and  minus  in  front  of  the  parenthesis,  yields  the  same 
value  of  sin#  and  the  same  transformation  T.  All  the  values  of 
Q       can  figure  in  the  formulae  (4.2,6)  that  is  we  have  simultaneously 

0PT         -1    -  6r   T 
(4.2.5)  L  a   e     ,      L   =  e 
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for  all  6T 


In  order  to  fix  ideas  one  may  choose  the  so  called 
reduced  solution  of  (^.2.1),  that  is  the  solution  9   satis- 
fying 0  <  &  <  T  . 

This  concludes  our  discussion  of  subspaces  of  the  type 


V 


If  a  subspace  E  actually  occurs  in  the  decomposition 


according  to  the  respective  schemes,  given  in  3.5  and  3.7>  of 
the  original  space  E,  and  if  E  has  the  minimal  polynomial 
(t-l),  that  is,  if  L=  1  and,  consequently,  L   =  1  in  E,,  we 
clearly  have  L  -  L"  =0,  As  also  the  corresponding  limiting 
value  of  sin  6       is  to  he  taken  equal  to  zero,  the  formula  (^.2.3) 
degenerates  entirely.   On  the  other  hand,  the  degenerate  skew- 
symmetric  transformation  S  =  0  gives  a  natural  solution  of  the 

3 
equation  e  =  1. 

If  a  subspace  E   actually  occurs  in  any  one  of  the 

decompositions  just  quoted  and  has  the  minimal  polynomial  (t  +1), 

we  have  in  E  ,,  as  before  in  E,  ,  that  L  -  L~  =  0.  The 

quotient  (^.2.3)  giving  T  for  subspaces  of  the  type  S  again 

becomes  indeterminate.  We  recall,  however,  that  the  condition  for 

L  to  be  connected  with  the  identity  is  that  S  ,   should  be  of 

even  dimension  and  moreover  space-like  in  the  Lorentz  case.  Under 

these  conditions  it  is  easy  to  find  skew -symmetric  transformations 

S  such  that  e  ^  =  -  1  in  E   .  We  have  only  to  take  an  arbitrary 

skew-symmetric  square  root  T  of   (-1)  in  B,  (their  construction 

is  explained  earlier  in  this  section),  and  set 

Sr  =  (2r  +  1)  7TT,    r  =  0,  ±  1,  ±  2, . . .  . 


-  137  - 

4.3.  Considerations  similar  to  those  at  the  beginning 
of  section  4.2.  apply  to  the  hyperbolic  rotation  L  in  the 
time -like  two -plane  P  treated  in  3.9.  From  (3. 9.6)  we 
infer . 

£(L  +  L"1)  a  =  ch#  .a,    |(L  +  if1)*)  r  ch  6  .b, 

(4.3.1)  -  , 

^(L  -  L  )a  =  sh  £.b,      |(L  -  L  )b  =  sh£  .a. 

If  we  define  the  linear  transformation  T  of  P  into  itself  by 

(4.3.2)  T  =   L_I_L 

2sh£ 

then  T  is  again  skew-symmetric  by  (4.1.9)  and,  since  by 
(4.3.1),  Ta  =  b,  Tb  =  a,  we  get  the  basic  relation 

(4.3.3)  T^  =  1, 
which  yields 

(4.3.4)  e^T  ach£  +  sh£.T. 
Formulae   (3.9.b)  and  (4.3.4)   give 

L  =  ch<9  +  sha.T  "  e  T,  L"1  =  ch  B    -  sh£.T  »  e"   . 

An  isometry  L  of  the  whole  Lorentz  space  E  in  whose 
decomposition  according  to  section  3.9  we  have  ^X<0    ,  is  not 
connected  with  the  identity.   Indeed,  each  half  of  the  two 
generators  invariant  under  L  is  carried  over  into  the  other. 
From  (Ll    |  LxJ  =  (  I  \   x)   (or  (Lm  I  Lx)  =  (m  |  x)  )  it  follows 
that  every  positive  time -like  or  light -like  vector  becomes 
negative  and  vice -versa,  which  implies  that  the  two  halves  of 
the  light-cone  are   interchanged.  Clearly  such  a  transformation 
is  not  connected  with  the  identity. 
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4.4.  We  turn  now  to  the  parabolic  case,  treated  in 
3.10  and  3.H;  consisting  of  such  isometries  of  spaces  Eg  with 
£• 2  =  1,  whose  minimal  polynomial  is  (t  -  £)  .  For  reasons 
analogous  to  those  explained  at  the  end  of  the  previous  section, 
we  have  to  limit  ourselves  to  the  case  6=1.  So  let  L  "be 
an  isometry  of  the  space  S  with  the  minimal  polynomial  (t  -  l)  , 
which  implies  (L  -  lp  E  =  0.  We  write  this  assumption  in  the 
form 

(4.4.1)  (L  -  1)3  -  0 

(where  by  L  we  mean  the  restriction  of  L  to  E-,  ) . 

We  shall  prove  that  there  exists  a  skew-symmetric  trans - 

T    -1    -T 
formation  T  such  that  L  a  e  ,  L   =  e   .  We  first  set 

(4.4.2)  A  =  L+L"   . 

2 

Then  A  -  1  =  %L~X(L2   -  2L  +  l)  -  ^L_1(L  -  l)2. 
Hence,  on  account  of  (4.4.1), 

(4.4.3)  (A  -  l)2  =  0. 

Next  we  set 

(4.4.4)  T  =  L  -  L, 

2 

T  is  obviously  skew-symmetric.  Moreover 

2 

(4.4.5)  T3  .   0,     A  =  1  +-  JL_  . 


The  first  relation  follows,  by  virtue  of  (4.4.1),  from 

T  r  \   (L  -L-1)  =  \   (IT1*-  l)  (L  -  l),  while  the  second  follows 

from  A2  -  T2  =  1,  and  from  (4.4.3). 

Combining  the  second  of  the  equations  (4.4,5)  and  the 
equations  L  ■  A  4-T,   L  "*"  z   A  -  T,  we  ge" 


.4- 
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(k.k.6)  L  r  1  +  T  +  Jt2,   L"1  =  1  -  T-f-^T2. 

On  account  of  the  first  equation  (4.4.5),  this  can  "be  written 

(4.4.7)  L  =  eT,   L"1  =  e"T. 

Since  T  defined  "by  (4.4.4)   is  skew -symmetric,  the 
transformations 

L(s)  r  esT  =  1  +  sT  +  ^s^2 
are  isometries,  as  proved  on  p.  130  .  Moreover,  L(s-+-t)  ■ 
=  L(s)L(t),  that  is  the  L(s)  form  a  one-parameter  Abelian 
group. 

Let  now  x  "be  any  fixed  vector  in  S  .  Then  also  Tx 

p 

and  T  x  are  fixed,  and 

(4.4.8)  L(s)x  =  x-t-  s.(Tx)  -h^s?  (T2x), 

which  shows  that,  with  s  varying  from  -  00  to  +■  00   ,  L(s)x 
describes  a  parabola .  This  explains  at  last  the  term  parabolic 
rotation,  used  from  time  to  time  in  the  preceding.  For  a  de- 
tailed description  of  the  above  parabolas  see  4.7- 

4.5  In  the  preceding  we  have  constructed  a  skew- 
symmetric  T  starting  from  a  parabolic  rotation  L  and  have 
derived  the  properties  of  T  from  the  known  properties  of  L. 
Here  we  go  the  opposite  way.  We  define  a  parabolic  skew-symmetric 
T,  investigate  its  properties  and  give  in  the  next  section  a  new 

proof  of  the  fact  that  to  every  parabolic  rotation  L  there 

T 
exists  a  T  such  that  L  =   e  .  We  have  two  reasons  for  doing  this. 

First,  it  gives  us  a  better  insight  into  the  structure  of  para- 
bolic rotations,  studied  relatively  little  up  to  now,  secondly 
the  skew-symmetric  parabolic  transformations  are  much  easier  to 
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construct  than  the  parabolic  isometries.  We  start  with  the 
following  theorem,  the  parallel  of  the  theorem  of  3.H. 

Let  E  be  a  Lorentz  space  of  dimension   m    >  3,,  TF 
a  light -like  two -plane  in  E,   and  g  =  rad  //  .  There 
exists  one  and,  up  to  a  (non  zero)  constant  factor,  only  one 
skew-symmetric  transformation  T  such  that  TE  =  JT  .  Such 
a  transformation  T  has  the  further  properties  T  7T  =  g, 
Tg  -  0.   This  implies  in  particular  that  the  minimal  poly- 
nomial of   E  relative  to   T  is  t-^,  that  of   7/    is  t 
and  that  of  g  is  t. 

The  proof  is  analogous  to  that  of  the  theorem  of  3.H 
but  is  easier.  As  there,  we  first  analyze  the  implications  of 
the  assumption  that  there  exists  a  transformation  T  with  the 
required  properties.   So  let  T  be  skew-symmetric,  and  let 
TE  =  TF     . 

Vie  first  prove  that  E  »  if       is  the  subspace  annihil- 
ated by  T.  We  always  have   (Tx  I  u)  +■  (Tu  I  x)  =  0.  Hence 
(Tx  I  u)  =  0  and   (x  I  Tu)  =  0  imply  each  other.  Let  Tu  =  0, 
then  (x  I  Tu)  =  0  and  therefore  (u  f  Tx)  =  0  for  an  arbitrary 
x  €r  S.  This  means  that  u  is  orthogonal  to  {Tx}  a  //   , 
thus   U  e  //   =  E  .  Conversely,  let  u  e  //  .  Then 
(Tx  I  u)  :  0  and  thus   (x  iTu)  =  0  for  an  arbitrary  x  6il, 
which  implies  that  Tu  =  0.  This  proves  that  TE*  =  T  TT    z     0. 

Since  g  =  E  O  //  ,  it  follows  that  Tg  =  0,  and,  more 
precisely,  that  if  y  e  7/  ,  Ty  =  0  if  and  only  if  y  £E  g. 

Let  yeTTbutyig.  Then  u  e  7T  and  (y  J  u)  =  0 
imply   u  £  g.  Indeed,  all  vectors   u  £g  satisfy  the  relation 
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(y  I  u)  =  0,  while  u  =  y  does  not  satisfy  it,  because  (y  \  y)  <  0. 
Since  g  and  y'  span  TT    ,  our  assertion  follows . 

We  now  prove  that  T  7T  =  g.   If  y  6  g,  then  Ty  =  0, 
as  proved  above,  hence  in  this  case,  Ty  6  g.   Next  let  y  €  77" 
but  y  ^  g.  Then  Ty  €  TE  =  77*.   On  the  other  hand,  from  the 
skew-symmetry  of  T  it  follows  that   (y  I  Ty)  z     0.  Hence,  on 
account  of  what  we  just  proved,   0  ^=  Ty  ^  g.  Thus  0  =f=  t77*C  g. 
From  this  and  from  dimg  :  1  follows  that  T  77"  =  g.  Hence 
T2E  -  T  Tf    =   g  and  T3E  =  T2  77  «  Tg  =  0. 

Summing  up,  we  have  as  consequences  of  our  assumptions 

(4.5.1)   TE  =  Tf    ;      T2E  =  T  77  =  g;   T3E  =  T2  Tf  »  Tg  =  0. 

This  tells  us  that  the  respective  minimal  polynomials  of  E,  TT,  g 
are  t^,   t  ,   t. 

Since  TE7  s  0  and  T277"  =  0,  also  T2(E/-h  Tf)  =  0. 
The  sum  E  -*-//  =  g  (denoted  by  Tfi  in  section  3*6  )  is 
the  (m-l) -dimensional  tangent  plane  to  the  light  cone  along  g. 

Since  rH2Q±   =  0,  T2E  =£  0  and  dim  E  =  m,  plainly  g"*"  is 

2 
exactly  the  subspace  of  E  annihilated  by  T  . 

Having  examined  the  consequences  of  the  assumption  that 
T  is  skew-symmetric  and  TE  =  //  ,  we  now  construct  such  a 
transformation  T. 

Let  y  and   z  be  fixed  vectors,   y  €.  II   ,   y  rtt  g,   z  Gg  , 
z  =p  0.  There  exists  one  and  only  one  skew -symmetric  T  such 
that  TE  =  TT  ,     Ty  B  z. 

Proof.  T.-.;e  first  establish  the  existence.   On  account  of 
our  above  findings,  we  set  Tv  :  0  for  all  V€  E  r  77    and- 
in  particular  Tz  =  0,  for  the  fixed  z  €  g  C  £  .  F°r  "the  fixed 
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ye//,  y  €  g  we  set  Ty  =  z.  The  (m-l)  -dimensional  tangent 
plane  to  the  light  cone  along  g  is  spanned  by  y  and  e 
(which  is  (m-2) -dimensional) .  We  define  T  by  linearity,  that 
is  we  set  T(i^y  t  v)  =  Az,  for  all  real  A  and  all  v  <c.  E    . 
Next,  let  u  e  2  be  a  fixed  vector  outside  the  tangent  plane, 
that  is   (u  I  z)  =f  0*  We  define  Tu  by  the  equations 
(u  |  Tu)  =0,  (y  |  Tu)  +  (Ty  I  u)  =0,   (v  |  Tu)  4-  (Tv  I  u)  =0  or 

(4.5.2)    (y  |  Tu)  =  -(z  I  u),  (u  |  Tu)  =0,  (v  |  Tu)  =  0. 
Since  the  m  vectors  u,y  and  v^_,  Vp,  .  ..,v     ,  where  the 
v   form  a  basis  of  E  ,  are  linearly  independent,  these  equa- 
tions  have  a  unique  solution  Tu.  Moreover  Tu=^=0,  since 
(y|  Tu)  =  -(z  |  u)  f  0. 

For  an  arbitrary  vector  x  6  E  we  write 
x  =  u.u  +  A-  y  4-  v,   v  G  E  ,  and  define  Tx  by  linearity, 
that  is  Tx  =  uTu  +  Az.  We  claim  that  T  is  skew -symmetric. 
Indeed,  by  virtue  of  (4.5.2), 

(x  |Tx)  =  (uu  +  Ay  4-  v  I  uTu  +  A  z) 

=  Aji(u  |  z)  4  A  u(y  I  Tu)  4-  A2(y  I  z)  4  A  (v  I  z) 

s  A  ji(u  I  z)  -  Au(u  |z)+  A2(y  I  z)  +  A  (v  |  z) 

=   A  2(y  I  z)  4-   A  (v  |  z). 

However,   (y  I  z)  =  0  and  (v  )  z)  =  0,  since  y  ^  77,   v  €:   £' 
and  z  e  g  =  rad(T7"4  J).       Thus   (x  I  Tx)  =  0,   that  is  T 
is  skew-symmetric,  as  asserted. 

We  still  have  to  prove  that  Tii  =  //   or,  in  other 
words,  that  Tu  and  z  span  //   .  Clearly,   0  =p  z  €5  g  = 
=  rad  77  c  77  .  On  the  other  hand,  Tu  e  77  =  e'   , 
since   (Tu  J  v)  =  0  for  an  arbitrary  v  G  S  .  Moreover 
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Tu  <£  g,  since   (y  I  Tu)  =  -(z  I  u)  =^=  0.  Hence  z  and  Tu 
are  linearly  independent  and  thus  they  span  the  two-plane  //  . 

Finally  the  uniqueness  of  the  transformation  T 
follows  from  the  uniqueness  of  Tu. 

We  have  shown  that  there  exists  one  and  only  one 
skew-symmetric  transformation  T  such  that  TE  =  //   and 
Ty  =  z,  where  the  given  couple  y,  z  is  such  that  y  €  77" > 
y  ^  g>      z  e  gj,  z  y=  0.  VJe  now  show  that  if  the  requirement 
Ty  =  z  is  dropped,   T  is  still  determined  up  to  a  constant 
factor. 

Let  T  he  any  skew-symmetric  transformation  such  that 

TE  =  IT    .  Then,  as  proved  on  p.  l4l  ,  we  have  0  ^Ty  ^g  for 


any  y^77,   y  ^bg.  Thus  keeping  the  above  vector  y,  we  find 

A     A      A  ,  A 

that     Ty  =  z  €g ,    zf  0,   and  hence     z   =  sz,   with  a  convenient  real 

-1  a. 

number  s  =f=-  0>  and  our  former  z.  The  transformation  (s   T)  is 

/  — 1^\       "77*    /  -1^\ 

skew-symmetric,    (s     T;  E  =   //    ,    (s     T)    y  =   z,    hence  by  the  above 

A 

uniqueness  theorem,   T  =  sT. 

4.6.   The  results  of  the  preceding  section  enable  us  to 
give  a  short  proof  of  the  fact  established  in  section  4.4  that 
to  every  parabolic  rotation  L  there  exists  a  skew-symmetric 
transformation  T  such  that  e1  =  L  and  TE  =  //  .  We  shall  also 
prove  that  T  is  unique. 

According  to  3. 10  or  3 .11  we  have  (L-l)E  -  //  ,   77  being 
a  light-like  two-plane.  We  again  set  rad.  //  =  g  and  take  a  fixed 
vector  y  such  that  y  e  //  ,  y  ft:  g.  We  have  (L  -  l)y  =  z, 
with  z  €r  g,  z  ~f=0.      It  follows  that  (L-l)z  =  0.  As  proved  in 
3.11,  the  requirements  that  L  is  an  isometry,  that(L-l)£  =  //"and 
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(L-l)y  z   z  determine  L  in  a  unique  way. 

According  to  4.5  there  exists  one  and  only  one  skew- 
symmetric  transformation  T  such  that  TE  =  7T~  ,     Ty  =  z;    it 

also  follows  that  Tz  =  0  and  that  ri°  =  0.  We  assert  that 

T  T 

L  =  e  .   Indeed,   e   is  an  i some try,  as  proved  in  4.1.  More- 
over, eT  ■  1  +  T  +■  Jl2.  We  know  that  TE  =  TT  ,     T2E  =  g  = 
-   rad  //  ,  where  g  is  a  proper  subspace  of     1 1     .   Hence 
(eT-l)E  =  TE  ■+-  \   T2E  =  TT.   Next,  Ty  =  z,  T2y  =  Tz  =  0,  hence 
(e  -l)y  =  z.  From  these  arguments  our  assertion  follows.  The 
uniqueness  follows  from  the  fact  that  (e   -l)E  =  //  and  TE  =  77" 

m 

are  valid  simultaneously,  and  the  same  is  true  for  (e  -l)y  =  z 
and  Ty  =  z. 

4.7.  We  give  here  a  detailed  description  of  the  para- 
bolas considered  in  4.4.  There  it  was  shown  that  the  vector  x 
being  fixed,  and  the  parameter  s  varying,  the  point  (the  posi- 
tion vector) 

(4.7.1)   L(s)x  =  esTx  =  x  +■  s(Tx)  +■  ^s2(T2x) 
describes  a  parabola.  Each  parabola  passes  through  the  point  x 
from  which  it  is  derived  and  lies  in  a  light-like  two-plane  paral- 
lel to  //   .  All  the  parabolas  have  the  same  point  at  infinity, 
identical  to  the  point  at  infinity  of  the  light-like  line  g. 
These  assertions  follow  from  Tx  €.  II  and  T  x  €E  g  C  17,  and 
Tx  €Eg,  in  general;  all  this  was  shown  in  4.5.  From  the  facts 
established  there,  it  also  follows  that  the  parabola  corresponding 
to  x  degenerates  into  a  straight  line,  parallel  to  g,  if  and  only 
if  x  lies  in  g    (that  is  the  tangent  hyperplane  along  g  to 
the  light  cone), and  in  particular  if  x  lies  in     TT  ,   moreover 
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that  this  parabola  reduces  to  the  point  x  itself,  if  and  only 
if  x  lies  in  E'  =  //   ,  and  in  particular,  if  x  lies  in  g. 

4.8   We  once  more  recall  the  decomposition  of  a  given 
vector  space  E  into  the  direct  sum  of  mutually  orthogonal  sub- 
s paces,  invariant  under  a  given  isometry  L  as  described  in  3.5 
and  3.7  respectively  in  the  Euclidean  case  and  in  the  Lorentz 
case.   In  the  preceding  we  have  obtained  the  representation  of 
the  restrictions  of  L  to  these  sub-spaces.   It  remains  to  ob- 
tain the  representation  by  infinitesimal  transformations  of  the 
isometry  L  for  the  entire  space. 

For  each  restriction  of  L  we  have  found  one  or  sev- 
eral skew -symmetric  transformation  S  such  that  in  the  corres- 
ponding subspace  the  formulae 
(4.b\l)  L  =  eS  ,   if1  3  e~S 

were  valid.   In  a  schematical  way,  denote  x.he  subspaces  by 


E 


A 


,  3,-,  E~,...,  the  corresponding  restricted  isometries  and  skew- 


transformations  by  LA,  L  ,  L  ,...  and  T,. ,  T_,  Tn,...  respectively, 

■in.  g     q  A     iJ     O 

Define  the  linear  transformation  S  of  E  into  itself  by  setting 

S  =  SM  in  E   for  M  :  A,  B,  C, Then  clearly  (4.8.1)  holds 

in  the  entire  space  E. 

We  claim  that  S  is  a  skew-symmetric  transformation  in 
E.  Write  any  vector  x  €  E  as  the  direct  sum  x  =   21  *M  with 

*M  ^  V   Then  TX  =  T(  ^  V  =   Z  TXK  =   Z  W   HSnCe 
(x  J  Tx)  =  TL   Z]  (x^,  I  T  jc  ) .  Here  every  term  vanishes.   Indeed  if 

M  =  N,  then  (x,,  I  T,,x  )  -  0  on  account  of  the  skew-symmetry  of  T  . 

'  Ivl       Mm     "  M 

If     Iff,      x^T^,    since     ^  £  S^      Vb6*B     and     hM  ^  V 

Herewith   the  proof   is   complete. 
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We  add.  a  few  comments  on  the  multivalence  of  the 
infinitesimal  transformation  S  generating  L  in  the  sense 
of  formulae  (4.8.1).  To  this  effect  we  have  to  examine  the 
infinitesimal  transformations  generating  the  restrictions  of 
L  to  the  different  types  of  subspaces . 

We  begin  with  a  subspace  of  the  type  treated  in  4.2 
with  the  minimal  polynomial  Q,(t)  =  t  +  3  t  +  1  = 

-  tc  -  2cos8  +■  1.  We  have  found  the  infinitesimal 

transformations 

-1  __ 

(4.8.2)     S   =  6  L  -  L    ,  G      =  i  (6   +  2r7T  ), 

r     r   2sin£        r 

r 

r  =  0,  ±I,±2.,... 

where  0    is  an  arbitrary  fixed  solution  of  the  equation 

cos  d     =-"t>/3  .   Since  <9  /sin  6       has  the  same  value  for 
/  r      r 

-  6    ,    the  S   form  a  unique  sequence  with  the  period 

r       r 

IT    (L  -  L"1)/sin5*  . 

In  the  hyperbolic  case  treated  in  4.3,  the  skew- 
symmetric  transformation  S  is  entirely  determined  by  the  con- 
dition e  =  L.  The  explicit  solution  reads  on  account' of 
(4.3.2) 

(4.8.3)  s  =  e  t   =     e  (L  - L  > 

2  sh0 

The  hyperbolic  angle  was  determined  in  3-9  "by  "the  equation 
e   =  }\     ,     where  A    was  one  of  the  two  eigenvalues  A    and 
/\     belonging  to  the  plane  P.  By  this  6     is  entirely 
determined.  However ,    the  choice  e   r   y\   ,  replacing  9   by 

-  S  ,     would  have  been  equally  possible.  This  alteration  of 
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U     does  not  change   6  /sh  G   . 

In  the  Euclidean  case  a  subspace  E  ,-,  has  the  minimal 
polynomial   t  -  1,  while  in  the  Lorentz  case  the  minimal  polynomial 
is  either  t  -  1  or  (t  -  lp.   In  the  case  t  -  1  the  restriction 
of  L  to  E     is  the  identity  and  we  could  assign  S  =  0  as 
the  natural  solution  of  the  equation  eb  =  l.   in  the  case 
(t  -  lp,  according  to  h.k   -  k.G,    the  equation  eS  =  L  admits 
the  solution  S  =  -§-(L  -  L   ) . 

While  the  indeterminacy  relative  to  the  subspaces  E  was 

Q 

of  ordinary  logarithmic  character,  implying  certain  periods ,  an 

indeterminacy  of  different  character  occurs  in  a  subspace  E  , 

where  one  has  to  consider  arbitrary  skew-symmetric  solutions  of 

the  equation  e  -  -  1.  We  have  found  the  solutions  S  =  (2r  +  l)  7T  T 

where  T  was  an  arbitrary  skew-symmetric  square  root  of  (-l)  in 

E  _ .   Now  the  subspace  E  -   is  always  determined  by  L,   and  so 

also  is  (  S  }   if  dim  E  .,  =  2.  But  if  dim  E  ,  >  2,   L 

L       T  J  -1  -1       ' 

in  no  way  determines  the  choice  of  T   (see  4.2)  and  the  corre- 
sponding  {  S  J  . 

It  is  well  known  that  a  necessary  and  sufficient  condition 
for  Cayley's  parameterization  of  isome tries  is  that  the  isometry 
in  question  should  not  have  the  eigenvalue  (-l). 

In  contrast  to  the  Cayley  formulae,  the  eigenvalue  (-l) 
does  not  prevent  the  representation  of  L  by  an  infinitesimal 
transformation,  but  in  exchange  it  produces  a  high  degree  of 
indeterminacy,  if  dim  £_-,     >  2. 

The  various  infinitesimal  transformations  S  figuring  in 
(4.8.1)  can,  to  a  certain  extent,  be  expressed  in  an  explicit 
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way  as  polynomials  or  the  given  isometry  L.  The  requisite 
tools  are  furnished  by  the  "interpolation  formula"  (3.2.12) 
and  the  remarks  following  that  formula.   Indeed,  the  restric- 
tions Sy  of  3  to  any  of  the  subspaces  schematically  de- 
note by  Ej,  are  scalar  multiples  of  the  corresponding 

L.,  -  L~  ,  except  in  the  subspace  E,,  =  E  n ,  where  Sw  =f=  o, 
MM'  M    -1         M  ' 


while  L  -  L   =  0.  Thus,  for  M  y=   -  1,  the  transformation 


M 

5  is  a  certain  polynomial  h   of  L  .  Hence,  according  to 

the  formula  and  the  remarks  just  quoted,  there  exists  a  poly- 
nomial h(t)   (of  degree  less  than  than  of  the  minimal  poly- 
nomial m(t)  of  the  space  E  relative  to  L)  such  that 
h(L)  =  S  in  E_-|  (=  the  direct  sum  of  all  subspaces  E..  ex- 
cept E _,),  and  h(l)  =  0  in  E_,.  Finally,  in  the  entire 
space  E  we  have  S  =  h(L)  +  £  ,  where  £  =  (2r  +■  l)  li     T 
in  E  -J   and  0  in  E  , ;   and  T  is  a  skew-symmetric  square 
root  of  (-l)  in  E. .   Obviously  the  whole  situation  becomes 
simpler  if  no  subspace  S    occurs. 

We  add  the  following  remark,  restricting  ourselves  zo 
subspaces  of  type   Eq.   The  transformations  —  Q   T  figuring 
in  the  exponents  in  formulae  (^.2.8)  are  scalar  multiples  of 
a  certain  square  root  T  of  (-l)   in  E„ .   If  dim  E^  >  k, 
we  can  decompose  E   into  two-planes  B  ,  invariant  relative 
to  L  (see  p.  135    )•  Each  of  the  skew -symmetric  square 
roots  of  (-1)  corresponding  to  these  two-planes  can  be  treated 
separately  and  gives  rise  to  a  sequence  ±  ^^i,'  v^ere  tne  @j> 
can,  for  each  k,  be  chosen  independently.  Denoting  them  by 

6  _  .   and  writing  S  =  9   ,  T,   in  B,  ,  one  still  has  L  =  e  , 
T   k  rk  k      is.  ' 

L"   _  e   .   However,  if  the  9    ,    are  not  identical  for  different 

'         T»k 


-  149  - 

k,   the  transformation  S   just  constructed  can  not  "be  expressed 
as  a  polynomial  of  L. 

We  conclude  this  section  by  a  statement  about  che  mini- 
mal polynomials  of  skew-symmetric  transformations,  which  follows 
readily  from  the  connection  between  this  kind  of  transformations 
and  isometries.  The  direct  proofs,  which  we  recommend  to  the 
reader  as  exercises,  are  analogous  to,  but  considerably  simpler 
than,  the  corresponding  proofs  for  isometries  in  sections  3-5, 
3.7-3.10. 

The  minimal  polynomial  m(t)  of  a  skew -symmetric  transfor- 
mation in  a  space  E  of  dimension  n  is  of  the  following  form. 

a)  Euclidean  case: 


h 


m(t)  =  tP    (t2  -flr        fl     (t2  +  /3  ), 


i(t)  =  tp   /  /  (t2  +  /3  ) 

where  p  =  o,l;  h  -   o,l,...;  the  &  are  distinct  positive 

numbers;   p  +-  2h  ^  n; 

b )  horentz  case: 

? 

k  =  l 

where  p=o,l,3j   r  =  o,l;   h  ■  o,l, ...;  V  is  a  positive  number; 
the  Q        are  distinct  positive  numbers;   p  +-  2r  •+-  2h  ^  n;   p 
and  r  cannot  vanish  simultaneously;  the  combination  p  =  3^ 
r  =  1  cannot  occur. 

Both  cases:   The  invariant  subspaces  of  E,  which  have 
ohe  various  relatively  prime  factors  as  minimal  polynomials,  are 
mutually  orthogonal. 

i|.9.   Sylvester's  law  of  inertia  asserts  that  when  a  real 
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quadratic  form  is  transformed  by  any  non-singular  real  linear 
transformation  into  a  sum  of  squares  with  coefficients   —  ±} 
then  the  number  k  of  the  positive  terms  and  the  number  I 
of  the  negative  terms  are  independent  of  the  transformation. 
With  a  slight  change  of  the  usual  terminology  we  say  that  the 
couple  (k,  I    )  of  these  two  numbers  constitute  the  signature 
of  the  form.  From  our  present  point  of  view,  we  do  not  even 
distinguish  between  the  signatures   (k,  I   )  and  {I   ,k).  Thus, 
a  sum  of  squares  with  all  signs  equal  will  be  said  to  have 
Euclidean  signature,  and  a  sum  with  all  signs  equal  but  one  will 
be  said  to  have  Lorentz  signature.  The  same  denominations  will 
be  used  for  the  corresponding  spaces.   In  this  terminology  we 
can  say  that  any  isometry  connected  with  the  identity  of  a 
space  with  Euclidean  or  Lorentz  signature  can  be  generated  by  a 
single  infinitesimal  transformation.  We  shall  show  that  this 
is  not  generally  true  for  any  other  signature.  We  only  sketch 
the  proof  which  requires  a  certain  familiarity  with  the  theory 
of  elementary  divisors. 

Consider  the  metric  form 

(4.9.1)  (x|x)  =  X-jX.  +■  x2Xo  +-  x^x2  +■  X^X-^ 

and  the  corresponding  scalar  product 

(4.9.2)  (x|y)  =  x-jy^  +  x2y3  ■+■  xy2  +•  x^  . 


Consider  also  the  matrix  of  order  four 


(M-3)      T  =  (*_°)  ,      vhere    A-  (j  \). 


As 


easily  seen   T  is  skew-symmetric  relative  to  Lhe  above  metric, 
that  is  (x|Tx)  =  0.  Consequently,  as  proved  in  4.1,  the 
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transformations  L(sJ  =  e    generated  by  T  are  isome tries  of 
the  metric;  as  usual  s  is  a  real  parameter.  Clearly 

-"■(:;)• 

and  from  this 

(4.9.10  l(.)..-*.(-[a(8)     ° 

The  isome tries  L(s)  are  connected  with  the  identity  since  they 
are  generated  by  an  infinitesimal  transformation.  This  also 
appears  from  the  explicit  form  (^.9.^)  of  L(s). 

Like  every  quadratic  metric,  the  above  particular  one 
admits  the  isometry  x— *(-x).  The  remarkable  fact  is,  however, 
that  here,  in  contrast  to  the  Lorentz  case,  this  isometry  is 
connected  with  the  identity,  as  will  turn  out  in  a  moment. 

The  above  metric  is  the  so-called  ultra -hyperbolic 
metric  in  four  dimensions.  We  introduce  a  new  basis  by  setting. 

xl   =  zl  ~*~  zh'        xl\.   s   zl    zk      '      x2  =  Z2  "*"  Z^   '   X^  "  Z2    Z^ 
We  then  have 

(k. 9. 5)     (xlx)  =  2(z^  +  zl   -  z2     -   zf  )  =  2B  (z,z). 

123     ij. 

Nov,  clearly  x— >(-x)     is  the  same  trans formation  as  z— »(-z). 
Our  assertion  concerning  the  first  transformation  will  be  proved 
if  we  can  link  the  second  transformation  to  the  identity  by  a 
continuous  passage  preserving  the  form  B(z,z).  But  this  is  an 
easy  task,  as  seen  from  the  formulae 

z±   =  cos  6  .z1  +  sin  6  .z2  ,    z^  =  cos  &  .z^   +    sin#  .z^   , 

z     s   -  sin  6  .  z-,  +■  cos  9   .  z2  y      z.  =  -  sin  6  .  z^  +  cos  6  .  z,  , 
0     varying  from  0  to  7T 
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Recalling  h.2,   we  see  that  the  rotations  above  are 

generated  by  an  infinitesimal  transformation  whose  effect  on 

the  couples   (z^,z  )  and(zo,z^)  is  represented  by  the  matrix 

0  ■*-  )  .  Denoting  the  infinitesimal  transformation  acting  on 
•1  0/ 

ru 

the  whole  space  by  U  ,  we  have  -x  »  e    x. 


(. 


From  the  preceding  it  is  clear  that  the  isometries 
-L(s)  are  also  connected  with  the  identity;  moreover  they  can 
be  generated  by  two  infinitesimal  transformations  T  and  U  , 

T  /  n     ITU   sT     sT   7TU 
-L(s;=e    e    =e    e 

This  being  the  case,  we  now  show  that  none  of  these 
transformations   -L(s),  with  s  qk),  can  be  generated  by  a  single 
infinitesimal  transformation.  More  precisely,  we  show  that,  s 
being  fixed,  the  weaker  assumption  -L(s;  =  e   for  some  fixed 

s  4=-  0  with  a  real  matrix  V  leads  to  a  contradiction. 

V  P 

The  assumption  -L(s)  =  e   implies  that  -L(s)  =  M  ' , 

XV 

where  ohe  matrix  M  =  e2  is  real.  We  show  that  even  this  still 

weaker  assumption  leads  to  a  contradiction.  The  eigenvalues  of 
-L(s)  are  clearly  -e   and  -e  ,  which  are  different,  since 

s  =p-0.  Hence  the  possible  eigenvalues  of  M  are  xie    and 

-is 
±ie   ,   each  of  these  eigenvalues  occurring  either  with  one  of 


the  signs  £  or  both.   However,  only  the  latter  case  is  possible, 
since  non  real  eigenvalues  of  a  real  matrix  must  occur  in  con- 
jugate complex  pairs.  Hence  M  should  have  four  distinct  eigen- 
values, which  would  imply  that  all  its  elementary  divisors  are 
simple.  This  contradicts  the  fact  that  -L(s)  =  M   has  two  ele- 
mentary divisors  of  order  2. 
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It  is  apparent  that  our  counter-example  was  based  on 
the  existence  of  an  infinitesimal  transformation  having  two 
distinct  eigenvalues  with  multiple  elementary  divisors  and 
also  on  the  topological  fact  that  reflection  in  the  origin  is 
connected  with  the  identity  in  the  group  of  isometries. 

What  precedes  is  particularly  interesting  in  the  light  of 
the  problem  posed  by  von  Neumann  (Math.  Zeitschr.  30  (1929), 
p.  26)  and  relative  to  an  arbitrary  group  G  of  linear  trans- 
formations, whether  it  is  possible  to  generate  any  particular 
element  of  G  connected  with  the  identity  by  at  most  two 
infinitesimal  transformations. 

In  spaces  of  dimension  ^3  no  similar  counter- 
example can  be  constructed  owing  to  the  fact  that  such  a  space 
is  always  of  Euclidean  or  Lorentz  signature.   On  the  other 
hand,  the  above  counter-example  relative  to  four  dimensions  can 
serve  to  prove  the  same  negative  result  in  a  space  of  arbitrary 
dimension   >  k.      Indeed, in  such  a  space  any  sum  of  squares, 
which  is  not  of  Euclidean  or  Lorentz  type,  includes  at  least  two 
positive  and  two  negative  terms.   This  being  the  case,  the 
construction  of  a  counterexample  can  be  carried  out  in  the  follow- 
ing way.   The  variables  corresponding  to  the  four  terms  mentioned 
are  transformed  according  to  the  above  isometry  -L(s).  The 
remaining  variables  are  subjected  to  an  isometry  connected  with 
the  identity  and  having  distinct  eigenvalues  which  are  also 
different  from  the  eigenvalues  -e   and  -e    of  -L(s).  Then  it 
follows  as  before  that  the  matrix  corresponding  to  the  total 
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isometry  cannot  be  the  square  of  a  real  matrix.  With  this  the 
proof  is  complete. 

Spaces  regular  with  respect  to  some  metric  which  is  of 
neither  Euclidean  nor  Lorentz  signature,  can  in  many  ways  be 
characterized  by  intrinsic  properties.   One  such  property  is 
that  they  contain  some  totally  isotropic  subspace  of  dimensions 
>  2. 

4.10.  For  the  sake  of  completeness  and  for  the  con- 
venience of  the  reader,  in  particular  if  he  happens  to  be  a 
physicist,  we  give  here  the  representation  of  skew -symmetric 
transformations  by  matrices .  This  will  also  facilitate  an  im- 
portant identification  needed  in  the  next  section. 

Le  E  be  a  real  vector  space  of  n  dimensions,  regular 

with  respect  to  a  given  metric  (x\y) .      Let   {e  }  be  a  basis 

1  k J 

of  E  and  {e  j  the  complementary  basis  constructed  on 
p.  94.   Any  vector  can  be  expressed  by  either  of  these  two 
bases;  with  the  usual  summation  convention,  we  write  for  a 
generic  vector  x 

(4.10.1)  x  =  x^e   =  x  e  ,  where  x*  =  (xje  )  and  x^  =  (x|e  ). 

Let  the  transformation  T  of  E  into  itself  be  skew- 
symmetric,  that  is   (x|Tx)  =  0  or  equivalently  (x|Ty)  +  (yTx)  -  0 

Set 

(4.10.2)  Te  sO(  ,e     and    Te  =  <X   e 

Here  and  in  the  sequel  the  raising  and  the  lowering  of  indices 
is  to  be  performed  according  to  the  ordinary  rules  of  tensor 
calculus  by  means  of  the  metric  matrices  (g  )  and  (gJ  )  with 
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jk      j   k 

g   =  (e  |  e  )  and   g    =  (e  I  e  ),  where  the  two  matrices 
jk     j   k 

are  inverse  to  each  other. 

The  relations   (e  I  Te  )  +  (e  I  Te  )   =0  and 

j         k  k         j 

(e     I  Te    )    +    (e     I  Te    )  =  0       yield  respectively 

(4.10.3)  oc        +  C\  =0       and         ^  J     -h     ex   KJ       =    o, 

jk  kj 

jk 
that  is  the  matrices  (  CX   )  and   (  CX   )  are  skew -symmetric . 

jk 

It  is  readily  seen  that  the  converse  is  true,  namely  that  the 
skew-symmetry  of  either  of  the  above  matrices  is  a  sufficient 
condition  for  the  skew-symmetry  of  the  transformation  Tx.  We 
omit  the  proof. 

The  transformation  Tx  can  "be  expressed  by  the  coef- 

ik 
ficients    cX  ._   or   CX    as  follows: 

Jk 

k       k    r  k  r 

(4.10.4)  Tx  =  x  Te   =  x  <x  e    =  (  ex.   x  )e  , 

k      rk  rk 

or 

k  rk  rk 

(4.10.5)  Tx  =  x  Te   =  x   o<    e   =  (  CX    x  )e  . 

k        k       r  k   r 

The  coordinates  x   are  transformed  according  to  the  following 
rule 

(Tx)k  =  (Tx  |  ek)  =■  -  (x  |  Tek)  =  -  (x  /  eX  rke  )  =  -  <*     x  =  CX    x 

r  r      r 

This  formula  with  the  analogous  formula  for  (Tx)   and 

k 

k  k 

the  notations      (Tx)       =  Tx   ;      (Tx)      =  Tx   ,    enable  us   to  write 

k  kr  r 

(4.10.6)        Tx      =    <X        x   ,  Tx        =     (X,    x   . 

r  k  kr 

These  formulae  are  in  perfect  agreement  with  (4.10.4)  and  (4.10.5) 

and  could  have  been  derived  from  those . 
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Finally,  we  write,  in  notations  also  familiar  from 
tensor  calculus, 

(^. 10. 7)       Te   =  o<  r  *  e  ,     Tek   =  c*  k  '  e*  , 

k       -  k   *  r  . 

k        k .   r  .  r 

Tx   =   cv     x  ,    Tx   =  cX     x  . 
.  .r         k       k  .   r 

Obviously  the  corresponding  mixed  matrices  are  not,  in  general, 
skew-symmetric  any  more. 

ij-.ll.  After  a  long  intermission  we  now  return  to  our 
Clifford  algebras,  concentrating  upon  the  bivectors  of  such 
an  algebra  in  their  role  as  skew -symmetric  operators.  We 
recall  that  a  Clifford  algebra  is  an  associative  algebra  based 
on  either  of  the  equivalent  relations  x  =  (x  |  x),  xy   -t  yx   - 
=  2(x  |  y) ,  for  arbitrary  vectors.  Here  we  consider  the 
Clifford  algebra  over  the  real  field  of  scalars.   In  Chapter  VI 
the  complex  Clifford  algebra  will  play  an  essential  role.  The 
vector  space  E  is  the  same  as  in  the  preceding  section.  For 
the  moment  all  vectors  in  E,  with  their  products  and  repeated 
products,  are  considered  as  Clifford  numbers. 

We  deduce  here  a  number  of  relations  between  certain 
products.   Let  a,  b,  c  be  vectors;  we  show  that  abc  -  bca 
is  a  vector  and  abc  -  cba  is  a  trivector.  We  have 

(^.ll.l)   abc  -  bca  =  (ab  -+-ba)c  -  b(ac  +-ca) 

2(a  I  b)c  -  2(a  I  c)b, 

which  proves  our  first  assertion.  Next  we  recall  that  the 
commutator  of  any  p   quantities  U-.,  U  ,...,  U   in  the 
Clifford  algebra  is  defined  by 
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i1  i2  ...l. 


(4.11.2)  [u   ,  U£  ,...,  U  ]  =  £     2     F\j     U.  ,...  IL  , 

Where   £  *  2    '  P  is  the  totally  alternate  tensor  (cf . (l.lo.l) ) 
We  write  in  particular 

(4.11.3)  [u,  v]  =  UV  -  VU. 

We  shall  now  show  that 

(4. 11  A)    abc  -  cba  =  "bca  -  acb  =  cab  -  bac  — (l/3)  fa,  b,  c  ]  . 

The  three  differences  are  obtained  from  each  other  by  cyclical 
permutations,  their  sum  is  equal  to  fa,  b,  cj   and  so  everything 
will  be  clear,  if  they  are  proved  to  be  equal.  We  have,  for 
example, 

abc  -  cba  -  (bca  -  acb)  =  a(bc  4- cb)   -   (cb  +bc)a  = 

=  2(b  I  c)a  -  2(b  I  c)a   =  0. 

Now  let  x  be  a  vector,  F  a  bivector 

(4.11  5)      x  =x  e,  =x  e   ,   F  =  £Frse  e  =  Jf  e  e  , 
\~t.xx.ji  k    k  r  s     rs 

rs      sr 
F   =  -F   ,  F   =  -F   . 

rs     sr 

We  also  need  the  following  form,  which  results  from  skew -symmetry, 

(4.11.6)  F  *  £F   (ereS  -  eSer). 

rs 

On  account  of  (4.11.5)  and  (4.11.1)  we  have 

(4.11.7)  Fx  -  xF  =  ^F   (e  e  x  -  xe  e  )   = 

r  s      r  s 

=  Frs    {  (x  I  e_)e      -    (x  I  eje     }    =  FrSx  e^   -  FrSx  e      = 
*■  sr  r     s  sr  rs 

onrs  s  r 

=     2F      x  e      =     2F     x  e    . 
s  r  rs 

Next,    using      (4.11.6)     and    (4.11.4), 
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(4.11.8)        Fx  -hxF    =  iF  s    {  (ereSx   -  xeSer)    -    (e^x   -  xereS)  } 
=  d/6)Frsf  eP,eB,x]      =(l/6)Prsx       f  ^s^k  J    = 


=  (l/6)    X,  (F     ^     +    F   vx      +U)    rer,eS,ek  ]   , 
_* — '       rs   k  skr  kr  s      L 

k,r,s 

where  the  summation  is  extended  to  all  combinations  (k,r,s) 
such  that  k  <  r<  s. 

In  view  of  an  application  in  section  4.17  we  also  write 
out  xF  and  Fx  explicitly.  From  (4.11.7)  and  (4.11.8)  it 
follows  that 

xF  1  rs 

> = +x F      e 

Fx  s  * 


(4.11.9) 


1  Z^F       +xF        +   *»      )[ek,eV], 


+■  —  X  ,       x,I 

12  '        v    krs         r  sk  s   kr' 

k,r,s 

We  see  that  xF  and  Fx  are  sums  of  a  vector  and  a 


trivector,  whose  explicit  expressions  are  displayed  "by  formula 

(4.11.9). 

We  now  turn  our  attention  to  the  connection  between 
skew-symmetric  transformations  and  bivectors.  We  set 

(4.11.10)  Sx  -   Fx  -  xF  =  [F,x]  . 

From  the  explicit  formula  (4.11.7)  we  obtain  in  particular 

(4.11.11)  Se,   =  2F  ,e  ,   Se   =  2F  e  . 

k      rk  r 

The  skew-symmetry  of     S     follows  from 

(4.11.12)  (x  |  Sx)    =  J(x.Sx     +    Sx.x) 

=  \  {  x(Fx  -  xF)    -H    (Fx   -    xF)xJ=J   {  -A  +  Fx     }  =0, 

2 
since  x   is  a  scalar.   It  also  follows  from  the  explicit 

formula  (4.11.7),  which  gives   (x  I  Sx)  =  2F  x  x  =0,  since 

r  s 

rs      sr 
F   as  -F   . 
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We  shall  show  in  section  4.18  that,  with  a  convenient 
norm  for  Clifford  numbers,  the  power  series 


-  H  -s! 

n  =  0      n  J 


is  absolutely  convergent,  and  that  its  sum  is  a  Clifford  number 

possessing  the  ordinary  properties  of  an  exponential,  in  the 

sT 
same  way  as  the  exponential  e    considered  in  section  4.1. 


We  define 


F   -sF 


(4.11.13)     L(s)x   =  eSixe 
and  prove  that  the  transformations  L(s)  form  a  one -parameter 
group  of  isometries  generated  by  the  infinitesimal  transformation 
Sx  =  Fx  -  xF.  We  find,  since  F  and  e    commute, 

sF    -sF   sF    -sF      sF,       .  -sF 
£_  L(s)x  =  e  Fxe   -e  xFe     —  e   (Fx  -  xF)e 
ds 

sF   -sF 
=  e  Sxe 

Hence  by  iteration 

n  sF     -sF 

S —  L(s)x  =  e  S  xe    , 

ds11 


and  in  particular 

n  n 

£ L(s)x         =S  x 

ds11  (s=o) 

from  which  we  conclude,  as  on  p.  131  that 
(4.11.14)  L(s)x  =  esSx. 

Our  assertion  then  follows,  by  reasons  given  on  p.  130  ,  from 
the  skew-symmetry  of  S . 

Summing  up,  we  have  proved  that  any  hi vector  F  generates 
through  (4.11.10)  a  skew-symmetric  transformation  and  by  (4.11.13) 
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a  one  parameter  group  of  isometries.  The  basic  fact  that 
conversely  to  every  skew -symmetric  transformation  T  there 
corresponds  a  "bivector  F  such  that  Tx  =  Fx  -  xF ,  follows 
from  formulae   (4.10.2)  and  (4.11.11)   if  we  set 

(4.11.15)  <*     =   2F   . 

ik        ik 

V  ith  this  choice  we  also  have  the  identity 

n     -,-,  ,c\  sT  sF   -sF 

(,4.11.1b;        ex    —   e  xe 

4.12.  The  results  obtained  in  the  preceding  sections 
enable  us  to  establish  the  following  theorem  which  was  one  of 
our  principal  aims  through  Chapters  III  and  IV. 

Let  E  be  a  real  vector  space  of  Euclidean  or  Lorentz 
signature  and  C   the  corresponding  Clifford  algebra.   To  every 
i some  try  L  of  E,  connected  with  the  identity,  there  exists 

a  bivector  F  in  C  such  that 

F   -F 

(4.12.1)  Lx  =  e  xe 

for  any  vector  x.  This  property  does  not  belong  to  any  other 

signature. 

The  right  hand  side  of   (4.12.1)  is  to  be  interpreted 

in  the  Clifford  sense.  The  theorem  follows  immediately  from  the 

fact  -chat,  as  proved  in  4.8,   L  can  be  written  as  an  exponential 

e   of  a  skew -symmetric  S.  According  to  the  first  formula  (4.10.2), 

this  transformation  S  can  be  expressed  by  relations  of  the  form 

Se   =0^   e  .  Then  the  bivector  F  =  j>F     e1e  ,  related  to  S 
k      rk  ik 

by  the  formula 

(4.12.2)  Sx  =   Fx   -  xF, 
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is  on  account  of  the  formula  (1+.11.15)  given  by  the  relations 

Fik  =  i    U     ik- 

This  proves  the  positive  part  or  our  assertion.  The 
negative  part  follows  from  the  corresponding  negative  result 
concerning  skew-symmetric  transformations  given  in  section  k.9. 

Returning  to  the  positive  part  of  our  result,  we  know 
from  section  ^.8  that  the  skew -symmetric  S  corresponding 
to  a  given  isometry  L  is  not  unique  in  general.  To  different 
skew -symmetric  transformations  S,  there  correspond  different 

bivectors  F.  While  all  these  S  give  the  same  exponential 

S  F 

e  ,   the  exponentials  e   are  only  determined  up  to  a  factor 

£  1,  as  we  shall  now  prove. 

We  first  prove:   If  for  two  bivectors  F  and  F    we 

have  identically  in  x; 

Fi  _Fi      F"   -f" 
e  xe     =   e   xe     , 

r"      +   f       -*V    . 

then  e   =  i  e  .   Set  e  e   =  /l  .   Then  the  above  relation 
reads    Ax  =  x/i    ,  that  is  A.      commutes  with  any  vector 
x  and  consequently  with  any  element  of  the  Clifford  algebra  C. 
Thus  A       belongs  to  the  center  of  C .   If  dimE  is  even,  it 
follows  immediately  that  A.     is  scalar  (cf .  1.5)  •   This  follows 
also  in  the  case  when  dimE  is  odd.   Indeed,  in  this  case  the  center 
of  C   consists  of  the  elements  a  +  i3P  where  oi      and   p   are 
arbitrary  scalars  and  P  is  the  pseudoscalar,  that  is  a  quantity 
of  odd  dimension  (cf .  1.5).  Now  j[       is  obviously  of  even 
dimension,  hence  its  belonging  to  the  center  of  C  implies  that 
it  is  a  scalar. 
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It  remains  to  show  that  j\.   =   —  1.     We  recall  the 
antiautoraorphism  c  — >  c  of  a  Clifford  algebra,  termed  rever- 
sion (cf  p.  13);  which,  among  other  things,  keeps  the  scalars 
unchanged  and  changes  the  signs  of  the  bivectors.  Hence,  on 

one  hand,  A    —  A      ,    and  on  the  other  hand  A  —  e  e   = 

-F1  FH        -1  A  A   -1  A 

e   e    =  A  Hence  J\    —  A         and  thus  J\  —  ±  1. 

This  indeterminacy  is  an  intrinsic  property  of  the  re- 
presentation of  isometries  by  inner  automorphisms  like  that 
given  by  formula  (4.12.1).  We  return  to  this  question  in 
section  4.15  (see  also  sec.  2.1+) . 

Finally  we  point  out  that  the  same  number  of  parameters 
enters  into  an  isometry  and  into  a  bivector  (cf.  2.3).   Indeed, 

an  isometry  of  an  n-dimensional  vector  space  can  be  considered 

1  \  i  k 

as  an  automorphism  of  the  metric  form  (x  I  x)  =  g  xx.  A 

ik 

2 
linear  transformation  in  n  variable  includes  n  coefficients; 

the  metric  form,  because  of  its  symmetry,  includes  -|n(n  ■+-  l) 

2 
coefficients,  hence  an  isometry  depends  on  n  -  ;>n(n  +•  l)   = 

=  2"n(n  —  l)  parameters.   The  same  number  of  parameters  enters 
into  a  bivector,  because  of  its  skew-symmetry.  Hence  the 
formula  (4.12.1)  displays  the  right  number  of  parameters. 

4.13.   In  the  preceding  section  we  used  a  basis  to 
construct  in  a  global  way  the  bivector  F,  as  a  solution  of  the 
equation  Tx  =■  Fx  -  xF,  where  T  was  a  given  skew-symmetric  transfor- 
mation. No  basis  whatever  will  be  used  in  the  following, 
where  we  shall  describe  another  construction  in  which  F  is 
built  up  from  simple  bivectors  relative  to  two -planes  invariant 
under  L.  We  merely  use  and  further  develop  the  procedure  given 
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earlier  (sec.  2.5)  in  connection  with  Hamilton's  reflection 
principle.  We  recall  our  results  and  we  make  some  slight 
changes  in  order  to  reach  a  complete  agreement  with  the  pre- 
ceding sections.  Also  in  what  follows,  only  spaces  of  either 
Euclidean  or  Lorentz  signature  will  be  considered.  More  pre- 
cisely, the  signatures  should  be  those  following  from  the 
respective  abstract  definitions  in  3*5  and  3*6,  see  also  the 
metric  forms  (3-3-3)  and  (3«3-^)» 

We  begin  with  a  Euclidean  two -plane   //   (cf.  2.5, 
3-5*  ^»2,  4.8).  Let  a  and  b  be  mutually  orthogonal  unit 


vec 


tors,  that  is   (a  I  a)  =■    (b  I  b)  =  1,   (a  lb)  =0,  or  in 


2     2 
Clifford  language  a  =  b   =  1,   ab  -+-  ba  =  0,  hence 

a   =■  a  and  |r(ab  -  ba)  =  ab.  VJe  introduce  the  unit  bivector 
I  =  ba"  j  here  it  is  the  same  as  I  =  ba,  the  advantage  of 

the  definition  chosen  will  appear  later.   I  has  the  basic 

2 
properties  I  =  -1,   la  = -al  ==•  b,   lb  =  -bl  =  -a.  The 

bivector  I  anticommutes  with  every  vector  x  £.  IT ,  that  is 

Ix  ■*■  xl  =0.  Up  to  a  factor  ±  1  there  is  only  one  unit 

bivector  in  the  plane;   if  a1  and  b'  are  another  couple  of 

mutually  orthogonal  unit  vectors  in  77  ,  then 

a  *  —  cos  U>   .a  -+-  sin  W   .b,  b '  =  ±  (-sin  <J>   .a  ■+-  cos  UP   .b)  and 

thus  ba  =  iVa'.   We  have 

(4.13.1)  e61     =     COS0+-     I     sin£, 
and 

(4.13.2)  e   a  =  cos  B    .a  +  sin  0   .b, 

e   d  s=  -  sin  9 ,   a  ■+•  cos  &   ,b. 

The  effect  of  the  rotation  with  angle  6     on  an  arbitrary  vector 
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x  E  J I   is  expressed  "by  the  formula 
(4-.i3.3j       x   —  rot/)  x  =  e   x. 

i*i  -hex 

Since  x  anticommutes  with  I,  we  have   e     x  =  xe 


xe 


hence  the  fundamental  formula 

(4.13.4)  rot  x  =  e 

This  formula  (but  not  (4.13.3)  can  "be  extended  to  an  arbitrary 
vector  x  in  space.  Writing   x  ==  x   -f-  x  ,  ,     where  x 
is  the  orthogonal  projection  of  x  into  77  and  x ,   is  ortho- 
gonal to  77  ,   rot   x,  relative  to  Tl     ,    is  in  a  natural  way, 

6 

defined  by 

(4.13.5)  rot   x   =.  rot^  x(/  4-  x±   . 

Since  x   commutes  with  I,  the  formula  (4.13.4)  remains  valid 
in  this  extended  meaning.  The  passage   6    — ^  6 -\-  2r7T  changes 
neither  the  rotation  nor  the  exponential  in  (4.13.3),  but  it 
does  change  the  exponentials  in  (4.13.4)  by  a  factor  (-l)  ,   in 
perfect  agreement  with  what  has  been  seen  before. 

Let  now  77  be  a  space -like  two -plane  in  a  Lorentz-- 
space  (cf.  3.8,  ^»2,  4.8).  Let  a  and  b  again  be  two 
mutually  orthogonal  unit  vectors  in  Tl    .  Here  this  means 
(a  I  a)  =  (b  I  b)  =  -1,   (a  |  b)  =  0,   or  a2  =  b2  =  -1, 
ab  +-  ba  =  0.  We  again  define  I  =  ba    and  have  in  the 
present  case  I  =  -a~H3  =  ab   and  again  I   =  -1,   la  =  b, 
lb  =  -a,     and  all  the  apparatus  becomes  identical  to  that 
developed  in  the  Euclidean  case. 

Next  let  TT  be  a  time -like  two -plane  (cf.  3. 9,  4.3). 
Taking  here  two  mutually  orthogonal  unit  vectors,  one  is  time- 
like,  the  other  space-like.  We  consequently  have  a  =  t  1, 
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b  =  +1,  ab  +-  ba  =0.  We  set   I  =»  ba   .  Then  la  =  b, 

_1       2-1       2-2       2  2 
lb  =  ba  -T)  =  -b  a    =  -b  a  a  =  -b  a  a,   hence  lb  =  a. 

2      -1.-1      2-2  2 

Moreover  I  =  ba  oa   =  -b  a  ,      that  is  I   =1.  The 

bivector  I  is  unique,  except  for  sign.   If  a'  =chci?.a-H  sh(p.a 
b'  =  ±(sh  <J>  .a   +   ch  CP   .b),  we  have  I'  =  ±1.  The  bivector  I 
anticommutes  with  every  vector  x  in  //  and  commutes  with  every 
vector  orthogonal  to     1 1     .  The  effect  of  the  rotation  in  // 
with  the  hyperbolic  angle  u      upon  any  vector   x  in  the  space 
can  be  written 

rot  g   y,    —    rot^  x  +   x   =  e    xe     , 

±£61 

with  e       =  chj  0  ±    sh^  d   .1. 

Finally,  we  consider  a  parabolic  rotation  related  to  a 
light -like -two -plane  Tf     (cf.3-7,  e.10,  3.11,  k.k   -  If. 7).  The 
plane  contains  a  light-like  line  g  =  rad  //   (see  loc.cit.). 
Let  a  e  //   ,   a  ^   g,  b  e  g,  b  ^  0.   Then   (b  |  b)  =  0, 
(a  |  a)  <  0,  (a  |  b)  =  0,   or  b2  =  0,   a2  <  0,   ab  4-  ba  =  0. 

We  form  the  bivector  I  =  ba-1  (with  a"1  =  a/(a  la)).  Then 

2      -1  -1      2  -2 
we  have  I  =  ba  oa   ~  -b  a    =0.  Hence  the  bivector  I 

cannot  be  normalized.  We  show  that  it  is  unique  except  for  a 

scalar  factor.   Indeed  with  a1  =  Aa  +  Ub,  b'  =  cX  b,  we 

have  I1  =  ck   A"  I.  Again  the  bivector  I  anticommutes  with 

every  vector  in     1 1      .  We  have  la  =  b,   lb  =  ba  to  = 

2  -1 
=  b  a   =0.  Moreover 


7 


and 


si 

e    —   /   -S-  I"  =  1  ■+-   si 
n, 


-  Z  =£  in  =  i 
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sI  SlK 

ea       =       a     -h     sb,  e     b       =       b. 

For  any  vector     x  €.  II  ,   we  define 

si 
rot  x      =■    e     x, 
s 

which  can  be  written 

i  _   i  j 

(4.13.6)  rot  x  =  e2  xe  2   . 

s 

The  right  hand  side  reduces  to  x  for  any  vector  x  1  77",  since, 
as  in  the  preceding  cases,  such  a  vector  commutes  with  I.   However, 
in  contrast  to  the  previous  cases,  an  arbitrary  vector  in  space,  or 
more  precisely,  a  vector  x  ^t  7/  and  not  orthogonal  to  //  cannot 
be  decomposed  into  the  sum  of  two  vectors,  one  lying  in  Tf  , 
the  other  orthogonal  to    1 1     .   The  reason  is  that  If    is 
singular,   rad  //   —  g  =^=  0.  Nevertheless,  even  in  the 
case  of  an  arbitrary  vector  x  in  space,  formula  (4.13.6) 
gives  a  correct  expression  for  a  parabolic  rotation  related 
to  the  light-like  two-plane  //  .   Indeed,  in  view  of  1=0, 

e^slxe'^S      =  (1  +  Jsl)x(l-|sl)  =  x  +  l[lx   -  xl)  -  £  ixI. 

2  k 

Setting  J(lx  -  xl)  =  Tx,   T  is  skew -symmetric  (cf . (h .11.12) ) . 
Furthermore , 

Tx  saifta"1*  -  xba"1)  =  \   {b(a_1x  +xa"  )  -  (bx  -+-  xb)a"  } 

=  1 — _  [  (a  J  x)b  -  (b  |  x)a  }  . 

(a  |  a) 

This  shows  that  Tx  €  //  ,  that  is  TS  C  Tf   .   In  fact,  TE  =  77", 
because   (a  I  x)  and  (b  I  x)  simultaneously  can  be  assigned 

arbitrary  values.  In  particular,  Ta  =  b,  Tb  =  0. 

2 
Remembering  that  I  =  0,  we  find 
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T2:<:  =  i    {  I(lx  -  xl)  -  (ix  -  xl)l  }  =  -|lxl. 

Kence 

(4.13-7)   e2_S  xe""2S    =  x  +  s(Tx)  -h  Js2(T2x), 

in  complete  agreement  -with  (4.7.1). 

A  common  feature  of  all  the  above  rotations  related 
to  two-planes  II     of  different  kinds  and  expressed  by 
formulas  of  the  type 
(4.13.8)      x  -*  ei^xe4*1 

is  that  they  keep  all  vectors  orthogonal  to  77  unchanged. 
This  circumstance  plays  a  "basic  role  in  the  superposition  of 
such  rotations. 

Let  E  again  he  a  vector  space  of  Euclidean  or  of 
Lorentz  signature,  and  L  an  isometry  in  E,  connected  with 
the  identity.  Decompose  E,  according  to  3*5  or  3 .7?  re- 
spectively, into  mutually  orthogonal  subspaces  E. ,   E_,... 
corresponding  to  certain  specified  factors  of  the  minimal  poly- 
nomial belonging  to  L.   If  such  a  subspace  is  of  type  P, 
that  is  a  time-like  plane,  treated  in  4.3  or  in  the  present 
section,  it  is  already  a  two-plane  and  nothing  more  has  to  be 
done  about  it.   The  same  is  true  if  the  subspace  is  of  the 
type  E  ,  as  treated  in  4.2,  and  happens  to  be  a  two-plane.  If 
dime  En  >  2,  E   has  to  be  decomposed  into  mutually  orthogonal 
invariant  two -planes,  as  is  done  towards  the  end  of  4.8.  A 
space  E   ,  if  present,  is  treated  analogously  (cf.  4.2).   If 
a  space  E   ,  is  present,  it  has  to  be  treated  differently, 
according  as  the  corresponding  factor  of  the  minimal  polynomial 
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is   (t  -  l)  or   (t  -  lP.   In  the  first  case,  we  can  neglect 
E    entirely  in  the  construction  we  are  carrying  out.   In  the 
second,  we  distinguish  in  S    the  invariant  light-like  two- 
plane  77  ,   defined  "by  the  equation   (L  -  l)  E    =  IT  . 

+ 1 

The  rotations  related  to  all  the  invariant  two -planes 
just  mentioned  can  "be  expressed  by  formulae  of  the  type 
(4.13.8)  by  means  of  the  corresponding  simple  "bivectors  I„. 
Hence,  remembering  what  was  said  at  the  start  of  this  super- 
position process,  the  isometry  L  relative  to  the  entire 
space  E  can  be  expressed  by 

L,       =   It     e"2"  MMx(  //   e*  MM)    . 

£1  M 

Finally,  because  the  bivectors  I  ,,  which  belong  to  mutually  ortho- 

M 

gonal  two-planes,  all  commute  with  each  other,  we  obtain  again 

F  -F 
(4.13-9)  L*  =  e  xe   ,  where   P  =iZ«  I  . 

M  M 

4.14.  The  construction  of  the  "bivector  F  figuring  in 
the  isometry  formula   (4.13.9)   leads  us  to  the  following  question. 
Can  any  bivector  F  be  decomposed  into  the  direct  sum  of  mutually 
orthogonal  simple  bivectors?   As  we  can  suspect,  the  answer  is 
affirmative  in  the  cases  of  Euclidean  or  Lorentz  signature  and 
is  negative  for  any  other  signature. 

Since  bivectors,  considered  as  operators  by  formula 
(4.11.10)  are  isomorphic  to  skew-symmetric  transformations,  we 
shall  reformulate  and  treat  the  problem  in  terms  of  the  latter. 

Let  E  be  again  a  space  regular  with  respect  to  a  certain 
metric,  and  let  T-,,  T  ,  T  be  skew-symmetric  transformations  of 
E  into  itself.  We  call  T,   and  Tp  orthogonal,  if  the  subspaces 
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T  E  and  T  E  are  orthogonal.  A  necessary  and  sufficient 
condition  is  that  T-jT  =  0  and/or  T?T,  =0.  To  prove 
.his,  write   (T^x  I  Tgy)  =  -(x  I  T^T  y)  =  -(TgT  x  I  y) .  The 

necessity  of  the  condition  follows  from  the  supposed  regul- 
arity of  S,  while  the  converse  (in  any  of  the  forms  stated) 
is  obvious.  We  call  T  simple  if  TE  is  a  two-plane.  We 
will  prove  that  in  the  Euclidean  and  in  the  Lorentz  case 
every  skew  transformation  S  can  be  decomposed  into  the  sum  of 
mutually  orthogonal  simple  skew  transformations;  and  that  this 
is  not  generally  true  for  any  other  signature. 

The  proof  of  the  equivalence  of  our  assertions  relative 
to  bivectors  and  to  skew  transformations  is  left  to  the  reader. 

The  affirmative  part  of  our  assertion  concerning  the 
decomposition  of  skew  transformations  can  be  based  on  our 
statement  relative  to  the  minimal  polynomial  of  such  transfor- 
mations given  at  the  end  of  section  k-.Q   and  some  other  parts  of 
the  same  section.  We  omit  some  quite  easy  arguments  necessary 
to  complete  the  proof. 

We  illustrate  the  decompositions  in  question  by  means  of 
suitable  bases.   Let  dim  E  =n  >  2,  with  n  =  2v  or 
n  =2V  +■  1  respectively.  Denote  by  e-j^, ...,  e^   any  basis 
of  S  formed  by  mutually  orthogonal  unit  vectors,  with  all 

(e  |  e,  )  =  1  in  the  Euclidean  case,  and  (e,  I  ej  =1, 

k   k  11 

(e,  I  e  )  —  -  1,   for  k  =f=  1,  in  the  Lorentz  case.  With  a 
suitable  basis,  every  bivector  F,  considered  as  an  element  of 
the  corresponding  Clifford  algebra  can  be  written  on  one  of  the 
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following  forms 


v 

2k  -  1,  2k  2k  -  1  2k 


(4.14.1)        F  =Y_      <* 


k=l 


or 


v1 


^•2)  F    "     f3     K+e2)e3      +       £    /^k,    2k+lS2ke2k+l     > 

k  =  2 

with     v    =  i/    if     n  =  2  y   +-   1,       V1  ~  V -1     if     n  =2y    . 

(No  2l      occurs  in  (4.14.2)  in  the  cases  n  =3,      n=4.) 

Only  formula   (4.14.1)  can  occur  in  the  Euclidean  case, 
while  "both  can  occur  in  the  Lorentz  case,  excluding  each  other 
for  any  given  "bi vector  F.   Still  in  the  Lorentz  case,  in 
(4.14.1)  the  bivector  e-j_ep  is  time-like,  while  che  other  bi- 
vectors  are  space-like.  They  are  also  space-like  in  the  sum 
figuring  in  (4.14.2),  while  the  bivector  which  figures  in  front 
of  the  sum  is  light-like.   Indeed  the  vector  e-j_  +■  e?  is  light- 
like, the  vector  e.   is  space -like  and  orthogonal  to  e-,  •+-  e  . 

Now  we  turn  to  the  negative  part  of  our  statement  and 
show  first  that  the  skew -symmetric  transformation  T  represented 
"by  the  matrix  (4.9*3 )  cannot  he  decomposed  into  simple  skew- 
symmetric  transformations  orthogonal  to  each  other.   In  section 
4.9  the  transformation  T  acted  on  the  coordinates,  here  we 
consider  it  as  a  transformation  of  a  given  "basis. 

Let  iC  "be  a  four -dimensional  vector  space  having  the 

"basis  vectors  I   ,  /  ,  /  ,  L  ,     To  define  a  metric,  we  take  the 

1   2,   3   4 

vectors  Z-,,  t^,      tz>,  tu     isotropic,  (  t  .  /  I   . )  =  0,   set 

(X  /Z-))=(tolt-5^   =1   and  all  the  other  scalar  prod- 

ucts  =*  0.   Denote  by  x  *  xkl   and  y  =  y^   generic  vectors 

k  k 
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in  E,   then  we  have 

(x  |  y)    —    xxy      +     xy-hxy-+-xy. 

The  space  S  is  regular  and  has  signature   4- H ,  cf.  k.y. 

Set 

Vie   easily  find  that   (  Z  .  f  T  Z,  )  +  (  Z  n  |  T  Z-  )  =  0,  hence  T  is 

i     &  k     i 

skew-symmetric.  The  vectors  t        and  Z  .   are  eigenvectors  with 

2       if 

the  respective  minimal  polynomials  (t  -  l)  and  (t  -Hi).  The 

respective  minimal  polynomials  of  /   and  Z   are   (t  -  l)   and 

2 
(t-hl)  ,   and  the  minimal  polynomial  of  the  space  E  is 

m(t)  =  (t  -  l)2  (t-hl)2.  The  two-planes  (  Z  ,  Z2),  (  Z  ,  t,  ), 

(Z  ,  Z.  )  are  invariant  with  the  respective  minimal  polynomials 

P         2    P 
(t  — l)  ;  (t  -M)  ,   t  -  1.  Any  other  two-plane  has  a  minimal 

polynomial  of  degree   ^  3>   hence  there  are  no  other  invariant 

two-planes  (cf.  the  "beginning  of  section  3.^). 

We  also  note  that  the  three  planes  just  mentioned  are 
totally  isotropic  and  each  of  them  is  its  own  orthogonal  com- 
plement . 

If  a  skew-symmetric  transformation  T  can  be  decomposed, 

as  above,  into  an  orthogonal  sum   2,  T  ,  then  every  sub space 

T  E  is  invariant  under  T.   Indeed,  because  T  T   =0  for 
k  k  I 

k*t  ,  we  have  TT   =  T.  T,   =  T.T,  hence  T(T,E) 
^   '  k     k  k      k  '  k 

=  T  TECT,E.   Thus,  in  the  case  we  are  treating,  the  only  possible 
T  S  would  be  the  above  mentioned  invariant  planes  (  Z,,  Z-  )_, 
( Z  ?)    1  ^) ,    (  Zp,  t   , ).  No  two  of  these  planes  being  orthogonal 
to  each  other,  the  decomposition  is  proved  to  be  impossible 
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For  dimensions    >  k     an  analogous  counterexample 
can  be  constructed  by  means  of  the  following  mild  generaliza- 
tion of  the  preceding. 

Let  £  be  a  real  vector  space ,    regular  with  respect 
to  a  certain  metric.   Suppose  there  exists  a  skew -symmetric 
transformation  TEcE,   with  a  minimal  polynomial  of  the  form 

ffl(t)  =-(t  -  oO2  (t-/3)2t?   r7(t2-y.)  n  (t24  ) 

o<  =f=  0,     (3  =/=  0,  <x  =£  ^6  ,   p  =  0,  1,  both  the  V.  and  S 

2  2 

distinct  positive  numbers ,  V.  =£  o<  ,  V .    ^  S    ,      Such  a 

transformation  T  cannot  be  decomposed  into  the  sum  of  mutually 

orthogonal  simple  skew-symmetric  transformations. 

The  proof  can  be  carried  out  on  the  same  lines  as  in  the 
four-dimensional  case,  but  is  slightly  more  complicated. 

4.15.  After  this  excursion  into  spaces  with  other 
signatures,  we  once  more  return  to  the  Euclidean  or  Lorentz 
cases  and,  first  of  all,   fill  a  gap  left  at  the  end  of  section 
4.12.   We  are  now  able  to  show  the  following.   Given  a  bivector 
F,   one  can,   in  general,  find  other  bivectors  G  such  that 


GF  -G-F        G  -C  F 

e  =  -e  ;   hence  e   =  -e    and  e    xe    =  e  xe     The 

only  exceptions  concern  the  Lorentz  signature  and  are  the 

following:   the  space  of  dimension  2,  the  case  of  a  hyperbolic 

rotation  in  a  space  of  dimension  3  and  that  of  a   parabolic 

rotation  in  spaces  of  dimensions  3  or  k. 

In  the  Euclidean  case  such  a  G     can  be  constructed  by 

adding  (2r  ■+-  l)  7T   to  one  of  the  coefficients  C\  ?,    t   pk 
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figuring  in  formula   (4.14.1)  or  if  F  =  0  and  the  sum  is 

empty,  replacing  F  =  0  by   G  =  (2r  -V-  l)  iT  I,  with 

2 
I  —  -1.   Analogous  changes  can  be  performed  in  the 

Lorentz  case  on  any  space-like  bivector  figuring  in  the  sum 

in  (4.14.1)  or  on  any  "bivector  figuring  in  the  sum  in  (4.14.2). 

If  the  number  of  terms  in  the  sums  is  less  Lhan  V  or  V 

respectively,  a  bivector  (2r  +  l)  TT   I  can  be  added,  such  that 

P 
I  =  -1  and  I  is  orthogonal  to  the  "bivectors  already  occur- 
ring in  the  expression.  The  discussion  of  the  exceptional 
cases  is  left  to  the  reader. 

Another  application  of  the  decomposition  formulae 

(4.14.1)  -  ( 4 . 14 . 2 )  or  of  formula  (4.13.9)  is  the  following. 

F 
The  exponential  e  in  (4.13.9)  cari  Le  written  in 

the  form 

F 
(4.15.1)  e    =   b  b  .. .  b    b  , 

V  12     2h-l  2h 

where  2h  ^  n,   the  vectors  b   are  unit  vectors,  i.e. 

'  k 

(b,  |  b,  )  =1   in  the  Euclidean  case  and  (b,  |  b  )  =  —1 

k    k  k   k 

in  the  Lorentz  case,  moreover,  the  two-planes  spanned  by  the 

couples  b      ,  b_  are  mutually  orthogonal.  The  products 
2p  -  1   2p 

b     b   commute  with  each  other  and  are  invariant  under  an 
2p-l  2P 

arbitrary  rotation  performed  in  the  corresponding  two-plane. 

Indeed,  we  have  with  the  notations  of  section  4.13;  for  an 
elliptic  rotation  in  either  the  Euclidean  or  in  the  Lorentz  case 

ei&1     =     cos  -    +•    sin^ba"1 

2  2 

=(cos  La   +■    sin  |  ^)a_1  =  b'b", 
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with   (b'  )  V)  =  (b"  I  b")  =  ±  1. 

We  omit  the  analogous  computation  for  a  hyperbolic 
rotation  and  pass  to  the  parabolic  case.  Here  we  have 

-hi       ,.i,-i   /    i  ,  x  -l 


=  1  ■+•  %sba    =  (a  +-  -i-sb)a"   =  b'b". 


,2' 


Since  the  light -like  vector  b  cannot  be  normalized;  we  may 
suppose  without  loss  of  generality  that  (a  |  a)  =  -1.  Then 
we  obtain  (b ' |  b ' )  =  (b"  J  b")  =  -1. 

Substituting   (4.15.1)  and  the  corresponding  expression 

— F1 

for  e  '  into  (&.13.9);  ve  again  obtain  formula  (2.3.3)?  origin- 
ally deduced  by  means  of  the  Cartan-Dieudonne  theorem.  However, 
the  formula  now  appears  in  a  refined  form,  in  view  of  the  parti- 
cular properties  of  the  vectors  b  . 

K 

4.l6.   In  the  present  section  we  make  various  additional 
remarks,  mostly  concerned  with  the  bivectors  of  Clifford  algebras. 

Let  E  be  our  ordinary  vector  space  with  an  arbitrary 
metric  and  C  the  associated  Clifford  algebra.  An  isometry 
x  — ^  Lx  induces  an  automorphism  in  C,  whose  effect  on  the  prod- 
uct of  a  finite  number  of  elements  { x,  \     is  given  by  the  formula 

*■  k  * 

l(  TTx  )    =  7T(lx .). 

k  k 

If  the  isometry  can  be  expressed  by  an  inner  automorphism 

like  (4.13.9);  ve  have  for  this  product  and,  as  a  matter  of  fact, 

for  an  arbitrary  element  X  of  C,  the  simpler  formula 

F   -F 
LX  =   e  Xe 

We  shall  now  show  that  the  situation  is  analogous  for  infini- 
tesimal isometries. 

Let  T  be  a  skew -symmetric  transformation  and  thus  1  ■+•  £  T 


-  175  - 

an  infinitesimal  isometry  of  the  vector  space  E.  Let,  for 
example,   x,  y,  z  be  elements  of  E,  and  let  us  compute  the 
effect  of  T  on  the  product  xyz.  We  find  in  first  approx- 
imation. 

xyz  — >  (x  +  £  Tx)(y  +  £Ty)(z  +  £  Tz) 

=  xyz  ■+-  £  (Tx.yz  ■+•  x.Ty.z  +  xy.Tz). 
Hence 

T(xyz)  =  Tx.yz  +■  x.Ty.z  +  xy.Tz. 

This  formula  becomes  much  simpler,  if  we  express  Tx  by  abi- 
vector  as  in  4.11.  From 

(4.16.1)  Tx  =  Fx  -  xF 

it  will  follow  in  fact  that  T(77x,  )  =  F.  //  v   -  jTx,   .F 

k  k  k 

and,    for  an  arbitrary  element  X     of   the  Clifford  algebra, 

(4.16.2)  TX  =FX   -  XF. 

It  is  sufficient  to  prove  that  X  — »  X  +   £  (FX-XF)  and 
Y— >  Y  +  £  (FY-YF)   imply  (in  first  approximation)   that 
XY  — >   XY  +  S  (FXY  -  XYF).  This  follows  from 

{X  +■  £  (FX  -  XF)}  {  Y  +  £  (FY  -  YF)} 

=  XY-h  £(FXY   -  XYF    -  XFY  +  XFY)    =   XY  +■   £  (FXY   -  XYF). 

The  right  hand  side  of  (4.16.2)  expresses  the  effect  of  an 
infinitesimal  isometry  on  an  arbitrary  element  of  the  Clifford 
algebra  by  an  infinitesimal  inner  automorphism.   Prove  by 
reversion  that  a  p-vector  transforms  into  a  p-vector! 

A  Lie  algebra  is  a  vector  space  of  finite  dimension 
over  a  field,  for  whose  elements  A,  B,  C,...  there  is  given 
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a  law  of  multiplication  A0  B,  with  the  usual  distributive 
properties  and  satysf ying  the  conditions  A°A  =0  and 
(AoB)oC   +  (B«C)»A  +  (CoA)oB  -     0.   The   last 
relation  replaces  the  associative  law. 

It  is  easily  seen  that,  if  A,  B,  C,...  are  elements 
of  an  associative  algebra,  and  A©B  is  defined  as 
AoB  =  {k,   BJ  =  AB  -  BA,  then  the  above  relations  are 
automatically  satisfied;  the  second  reduces  to  the  well  known 
Jacobi  identity 

[[a,  bJ,  cj  -e  f  [b,  c]  ,  aJ+  [[c,  a]  ,  bJ  =  o. 

We  show  that  the  bisectors  of  a  Clifford  algebra  form  a 
Lie  algebra  under  the  product  rule  F«G  —  fF,  Gj  .   The  only 
thing  to  be  proved  is  that  if  F  and  G  are  bi vectors  then 
[  F,  G]  =  FG  -  GF  =  H  is  also  a  bi  vector.  A  priori,  H 
could  be  the  sum  of  a  scalar,  a  bivector  and  a  quadrivector, 
H  =■  S  4-  B  4-  Q.  By  reversion  (cf .  p.  13)  we  obtain 
H=S+B+Q  =  S  -  B  4-  Q.   On  the  other  hand  H  —  GF  -  FG 

=  (~G)(-F)  -  (-F)(-G)  —  -  H.  This  proves  S  =0,  Q  =0  and 
that  H  is  a  bivector. 

According  to  a  general  theorem  of  Lie,  skew-symmetric  trans- 
formations also  form  a  Lie  algebra,  since  they  form  the  infinite- 
simal group  of  the  group  of  isome tries.  Here  is  a  direct  proof. 
Let  T  and  T  be  skew -symmetric,  set  T  —\^±,   Tg]  = 

Tl  T2  "  T2  Tl '  then  T  is  ske^-sy112116^10*   Indeed,   (x  I  Tx) 
=  (x  |  (Tx  T2  -  T2  T±)x)   =  (x  |  Tx  T2x)  -  (-l)2(T1  Tgx  |  x)  =  0. 

We  now  write  the  correspondence  Tx  =  Fx  -  xF  between 
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T  and  F  in  the  form 

(4.16.3)  T  x  =  Fx  -  xF. 

F 

Then  we  have,  in  notations  easy  to  understand, 

(4.16.4)  [  T  ,  T  ]  =  Tr    .,  . 

F'  Gj     [f,  G] 

The  straightforward  proof  is  left  to  the  reader.  This  identity 
expresses  the  fact  that  the  spaces  of  skew-symmetric  transforma- 
tions and  of  "bivectors  are  isomorphic  also  when  considered  as  Lie 
algebras . 

A  Lie  algebra  including  that  of  the  "bivectors  is  formed 
by  the  "bivectors  and  vectors  of  a  Clifford  algebra.  This  is  ob- 
vious by  now.  Let   x  and  y  be  vectors,  F  and  G  bivectors. 

Then  we  have  the  following  scheme:  L~F,G]=bivector,  L"F,xJ  =  vector,  [x,y] 
=  bi  vector. 

4.17.  We  give  here  a  short  digression  about  some  features 

of  the  theory  of  electromagnetic  fields ,  considered  in  four-dimen- 
sional Lorentz  space,  the  space-time  of  special  relativity.  With 
a  slight  change  in  our  notations  we  use  the  metric  form 


2  _   (vl\2  _   (J^\2  _   (^>\2  =    ft     viv* 
(4.17.1) 


(xix)  =  (x° )  -  (x*r  -  (x2r  -  uJr  =  sikx^ 


s         =1       g      —6     =g=-i       g        =  0     i    =£  fc. 
Soo  L>     *n  22  33  ik  '         ' 

The  coordinate  x^  corresponds  to  time,  while  x1,  x  ,  x   are 
the  ordinary  coordinates  used  in  three-space.  As  is  well  known, 
Minkowski  has  made  a  synthesis  of  the  electric  and  magnetic 
vectors  E  and  H,  uniting  them  in  a  skew-symmetric  tensor  or  a 

bivector  F.  We  denote  the  covariant  and  the  contravariant  com- 

ik 
ponents  of  F  by  F.,   and  F    respectively,  the  passage  from 

IK 

the  ones  to  the  others  being  performed  according  to  the  ordinary 
rules  of  tensor  calculus  by  means  of  the  metric  form  (4.17.1). 


17^  - 


For  the  passage  from  2  and  H  to  F  we  use  the  following 
dictionary 

(^•17.2)  J 

i-\>  "  V  -H^]  =  1F23'  p3i'  Fish 


F    =  -  F 
ik      'ki' 


which  implies  that  the  diagonal  terms  vanish. 

Ox 


et     - —   —  ct      ,    then  Maxwell's   equations   in  their 


form  due  to  Minkowski,  read 


(4.17.3)     (   3-  F^  +  \   F^  .  +  \         Fik   =   0, 

3     Fik    =  -  j1, 

k 

where  each  now  represents  four  equations.  The  j  are  the  con- 
travariant  components  of  the  four-current  j,  which  is  con- 
sidered as  given  and  which  must  satisfy  the  condition  air  j  =<?  1  —  0. 

The  first  system  of  equations  is  usually  integrated  "by 
means  of  a  vector  potential  A  related  to  F  by  the  equations  • 
(4.17 A)  rot.kA  =  Q.Ak  -   3kA.  -  F.k. 

Usually  A  is  also  subjected  to  a  supplementary  condition,  often 
called  Lorentz '  condition,  namely 

(4. 17. 5)  div  A   =■  d    A*      —     0. 

k 

The  equations  (4.17.4)  determine  a  only  up  to  an  additive  term 
grad  u.   If  moreover  the  supplementary  condition  (4.17.5)  is  to 
be  satisfied,  then  u   must  be  a  solution  of  the  homogeneous 
wave  equation. 

By  means  of  (4.17.4)  alone,  the  first  of  the  systems 
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(4.17.3)  is  automatically  satisfied   (as  alluded  to  before); 
by  means  of  (4.17 A)  and  (4.17. 5)  the  second  system  reduces  to 

(4.17.6)  Da1  -  j1  , 

where   D   is  the  wave  operator  or  the  d'  Alembertian 

(4.17.7)  O  =  \    ~  1*  ~  ^l  ~  ^3  • 

In  Clifford  language  Maxwell's  equations  take  a  re- 
markably simple  form.   If  we  introduce  a  basis  {e- }  ,  that 

satisfies   (e  .  |  e,  )  =■   g.,  ,   and  the  dual  basis  f e1]  satis- 

i   k     ik'  c  J 

fying  (e1!  e^)  -  S  ^    (cf.  (3.3. 8))  and   (e1  I  ek)=gik  (  =  S±k 
in  this  special  case),  we  can  consider  the  bivectors  F  as 
elements  of  the  associated  Clifford  algebra  and  write 

(4.17.8)  F  =  ^Fike  e  =  iF.-eV. 

i  k      ia 

By  means   of  the    invariant  differential  operator  nabla 

(4.17.9)  V=ek3 

k 

the  equations   (4.17.3)  can  be  put  into  the  condensed  form 

(4.17.10)  VF   =   j. 

We  only  indicate  the  proof.  Formula   (4.11.9)  for  xF,  with  the 

components  x  replaced  by  the  operators    Q  ,  >  gives  S7   p 
k  k 

as  the  sum  of  a  vector  and  a  trivector.  Equation   (4.17.10)  ex- 
presses that  the  vector  is  equal  to  the  given  current  vector  j 
and  that  the  trivector  vanishes.  The  identity  of  the  equations 
(4.17.3)   and   (4.17.10)  follows  from  the  quoted  formula.  The 

necessity  of  the  condition  div  j  =  0  follows  from   Q  F 

2 
=  V  F   —  V  j  =  div  j  -+-  rotj     (cf.  (1.11.2) ) ,  and  the 

fact  that  Q  F  and  rot  j  are  bivectors,  while  div  j  is  a 
scalar. 
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The  vector  potential  may  "be  required  to  satisfy  the 
equation 

(If. 17. 11)  VA      —       F. 

According  to   (1.11.2)   this  equation  says  div  A  -+-  rot  A  —  F, 
that  means  div  A  =  0  and  rot  A  =  F.  Hence  (if.i7.ll)  expreses 
"both  equation  (if.i7.if)  and  the  supplementary  condition  (if,17o). 
In  view  of    S?      =  Q   ,    the  equations   (if  .17.11)  and 
(4.17.10)  give    Da  =  j,  that  is  the  equations   (4.17.6). 
From  lyiaxvell's  equations  we  now  turn  to  the  so-called 
ponderomotive  force  or  Lorentz  force  "by  which  an  electromagnetic 
field  acts  on  a  charged  particle.   Let  such  a  particle,  with 
charge  e  and  restmass  m  describe   a  world  line  x  =  x(s), 
that  is  a  line  with  a  time-like  tangent.  The  parameter  s  is 
supposed  to  "be  the  arc  length,  which  implies  that  the  tangent 
vector  u  =  dx/ds   satisfies  the  equation 

(if. 17. 12)  (u  I  u)  =  1. 

Hence  the  vector  u  is  the  unit  tangent  vector  to  the  world  line. 

Setting  the  velocity  of  light  c  =  1,  the  equations  of  motion 

read 

du 

(if. 17. 13)      m  —  =■  fi     with    fi  ~  eFikU   * 

ds 

Here  the  du./ds  are  clearly  the  covariant  components  of  the 

acceleration.  The  vector  f  with  the  covariant  components  f.  is 

called  the  Lorentz  force.  By  (if.  11. 7)  the  last  equation  can  also 

be  written  in  the  form 

(if.17.lif)  m  5H  =  -I  e  [u,F]  . 

ds 

V/e  will  study  these  equations  from  the  geometrical  point  of  view. 

Recalling  that  F    is  skew -symmetric,  the  electromagnetic  field, 

ik 
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considered  as  an  operator,  defines  in  every  point  x  an 
infinitesimal  isometry 

(4.17.15)  Tv.  =  -S.  FM  (x)vk 

of  the  local  vector  space  {  v }   attached  to  the  point  x 
(cf.  (4.11.7)).  For  a  moving  point  x,  the  tangent  vector  varies 
according  to  this  isometry,  in  complete  agreement  with  the  fact 
that  its  length  is  constant  (  —  l). 

The  type  of  the  infinitesimal  isometry  (4.17.15)  depends 
on  the  local  character  of  the  bivector  F(x).   In  general,  it  can 
he  decomposed  into  two  infinitesimal  rotations,  one  hyperbolic, 
the  other  elliptic,  related  to  two  mutually  orthogonal  two-planes, 
the  one  time-like  xhe  other  space-like  (cf .  the  decomposition 
formula  (4.14.1)).  However,  there  exist  important  classes  of  fields 
which  induce  parabolic  rotations.  Clearly,  a  necessary  and  sufficient 
condition  is  that  the  bivector  F(x)  be  light-like  or,  in  other  words, 
singular.   The  fields  in  question  are  called  singular  fields  or  null 
fields .  We  confine  ourselves  to  showing  that  electromagnetic  plane 
waves  form  a  class  of  singular  fields. 

We  mean  here  by  a  plane  wave  a  solution  F(x)  of  the  homogene- 

neous  Maxwell  equations  which  is  constant  on  a  family  of  parallel 

three-planes.  The  equations  of  such  planes  are  (  Z-  |  x)  =  const., 

where  I   is  a  fixed  vector  and  x  the  position  vector  in  space - 

time.  We  restrict  ourselves  to  the  most  interesting  case,  namely 

F  .,  (x)  —  f   .  g((  t   I  x)),  the  f  .,  constant  and  g  a  scalar  func- 
J*        jk  JK 

tion,  independent  of  the  subscripts.  The  vector  potential  A(x)  will 
be  of  the  form  A(x)  =  a.h((£  I  x)),  a  being  a  constant  vector  and  h 
being  a  scalar  function.  This  potential  has  to  satisfy  the  equations 
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LJ  A(x)  =  0  and  div  A(x)  =  0,  which  give  in  the  present  case 
(III).   h"(U|  x))  =0,    (I   /  a).  h»(  (t  I  x))   =  0. 

The  first  equation  requires  either  h"  =  0  or   (I  \  I  )     —    0. 
However  h"  =    0  would  give  a  constant  field,  entirely  uninterest- 
ing in  the  present  context,  where  we  are  looking  for  a  "wave". 
Discarding  this  case,  we  find  the  two  conditions  which  are  necessary 
and  sufficient,  namely 

(4.17.6)  (in   )  =  o,    (l  la)  =  o. 

The  first  equation  tells  us  that  the  "phase  vector"  I    has  to  be 
light-like,  and  the  second  that  the  "amplitude  vector"  a  has  to  be 
orthogonal  to  I     ,  hence  space -like.   (These  denominations  are  used 
here  in  a  slightly  generalized  sense;  they  are  usual  in  the  ex- 
ponential case  treated  below.)  With  h'  =  g  the  bivector   F  can 
be  written 

(4.17.7)  F  -Jg(  (l\   x)  ).  [  I    ,   a  J  , 

where  the  formula  can  be  read  either  as  a  tensor  formula  or  as  a 
formula  in  Clifford  language.  With  the  latter  meaning,  we  also  can 
write  the  simpler  formula 

(4.17.8)  F  =  g(  (l\   x)  ).   la. 

The  covariant  components  of  F  are 

(4.17-9)  F.k  =  g(  (  I   I  x)  ).  (I      a  -  I      a.). 

1K  i  k     k  l 

A  monochromatic  plane  wave  is  obtained  when  h((Z|x)) 
=  exp  i  (  ( t   |  x)  +•  o    ),  and  the  corresponding  field  becomes 

„  _    .  i(ilx)  *  ±S,       A.     i<H*)  +  n?r        -, 

F    =     ie  ia=fi  e  L  *■  >   a  J  . 

If  real  quantities  are  wanted,    one  may  take    the  real  parts   of   the 
above  expressions. 
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The  essential  fact  for  us  is  that  the  "bi vector  F 

figuring  in  (4.17.7)  or  (if. IT. 8)  is  singular.   In  Clifford 

2 
language  this  is  expressed  by  the  single  equation  F  =0. 

The  singular  character  of  F  has  the  following  well 
known  implications.  The  electric  and  the  magnetic  vectors 
E  and  H  have  equal  lengths  and  are  orthogonal  to  each 
other  and  to  the  direction  of  propagation  given  "by  the  three- 
vector  (/  ,  t  2,  Z-.J . 

To  verify  this,  we  first  remark  that  the  substitution 
a  — >  a   -  At      neither  changes  the  bivector  \_1>  ,      aj  nor  the 
scalar  product   (  /  I  a).   Hence  we  can  suppose,  without  loss 
of  generality,  that  the  time  component  a   of  a  vanishes,  that 
means  that  a  is  a  vector  in  the  physical  three -space.   In  this 
case,  according  to  our  dictionary,  we  have  except  for  a  common 
scalar  factor, 


x        l      y        d  z  °      $ 

x-    t2  a3   -a2Z3,      ~Hy  =  /3  ax   -  ^   l±     -  ^    =   l±  ^   -  a±  1 2 


with 

2         1    2  2  2 

/       +     I        +    I        —I  ,/a+Za-h/a=0. 

1  2  3  0  "ll2233 

These  equations  imply  our  above  assertions. 

Returning  to  space -time  and  to  the  equations  (4.17.13); 
we  conclude  that  an  electromagnetic  plane  wave  moves  a  point 
charge  in  such  a  way  that  the  unit  tangent  vector  to  the  world 
line  undergoes  an  infinitesimal  parabolic  rotation  in  every  point 
of  this  line. 

4.l8.  We  now  fill  a  gap  left  in  4.1  and  explain  in  what 
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A 
sense  the  convergence  of  the  series  defining  e  is  to  "be  under- 
stood. 

Let  E  be  an  n -dimensional  real  vector  space.  A  set 
MCE  is  called  convex  if  x  €  M,  yeM  implies  o<x-+-/3  y  G.  M  for 
all  <X^0,   /3  ^0,  <X-*-^=l.   It  can  "be  said  equivalently  that 
M  is  convex  if  an  only  if 

(4.18.1)  Am  -h       n  M   C   (A+  u)  M 

for  all  positive  A  and   u,  where  the  left  hand  side  is  to  he 
read  in  the  sense  of  vectorial  addition  of  the  sets  A  M  and 
uM.  To  prove  this,  let    x  €  A  M,   y  €.   11M  and  write 

x  +  y^A+u)^^—  f  +  T^-f) 

A  \  A  +/U  A     A  +/x  /*  /  ' 

A  -1  "I 

The  points     A      x  and  a  y  are  in  M,  hence  their  weighted 
sum  in  the  parenthesis  is  also  in  M,   hence  x  -+-  y  is  in 
(A  +   u  )M. 

A  set  M  C  E  is  called  symmetric  if  x  6  M  implies 
-x  £  M,   or  in  other  words  if  M  =  -M.   In  complex  vector 
spaces  the  role  of  the  symmetric  sets  is  played  "by  the  circled 
sets.  A  set  M  in  a  complex  vector  space  is  called  circled  if 
x  6M  and   IAJ  =1  imply  AXeM,  or,  in  other  words,   if 
A  M  C  M  f  or   I  A  |  =1. 

A  set  M  C  E  is  called  absorbing  if  for  every  x  £.  E  there 
exists  a  A  >  0  such  that  AX^M.  Finally  we  call   Kc  E  ex- 
pelling if  for  every   x  ^j=     0  in  E  there  exists  a  A  >  0  such 
that  AX  ^  M. 

Let  now  M  be  a  fixed  convex,  symmetric,  absorbing  and 
expelling  set  in  S.  For  any  vector  x  €.  E  define  1/  x  (f  as 
the  greatest  lower  bound  of  all  positive  numbers  A  for  which 
x  €  A  M.   This  number   \\   x  If    is  finite,  since  M  is  absorbing. 
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Furthermore    II  xll    possesses  the  usual  properties  of  a  norm: 

1)  II  xll  =  0   if  and  only  if   x  =  0; 

2)  ||  AX||    =    I  XL  II  Xll; 

3)  II  x  +    y  ||    ^    II  Xll    +  II  y II. 

Indeed  l)  follows  from  the  fact  that  M  is  expelling,  2)  from 
the  convexity  and  the  symmetry  of  M  and  3)  from  convexity  using 
relation  (^.l8.l). 

Let  now  A  "be  any  endomorphism  of  2     and  define   II  A  II 
as  the  greatest  lower  "bound  of  all  positive  numbers  A  for  which 
AM  C  Am.    II  A||  is  again  finite,  since  M  is  absorbing  and  E 
finite  dimensional.    II  AJ|    is  a  norm  on  the  ring  c  (E)   of  all 
the  endomorphisms  of  E,   i.e.   has  the  properties 

1)   II  All  =  0    if  and  only  if   A  =  0, 

2)   n^n  =  iai  ii a ii ; 

3)  ||    Ax4-   A2J|     ^   ||   Aj     +       ||  A2||, 

10       II  ax     a2J|     s  HaJI    .    \\    a2II; 

5)    111  11=1. 
Properties  l)-3)  follow  as  above,  while  ^)-5)  are  obvious. 
Furthermore  we  have  for  all  x  €.  E  and  all  A€£(g) 
(*Kl8.2)  ||  Axil  £  ||  A  1/  .  ||  x||  , 

This  being  an  immediate  consequence  of  the  definitions. 

The  norms  defined  with  the  help  of  two  different  convex, 
symmetric,  absorbing  and  expelling  sets  M  and  N  are  equivalent, 
i.e.  there  exist  two  positive  numbers  -t/>o,  o   >  o  such  that 
%   ||  A||  M  ^    ||A||  N  ^  S    If  A||  M  for  all   A€  £(E). 
follows  from  the  obvious  fact  that  there  exist  positive  numbers 
A   and  ix    such  that  M  C  ^  N,   N  C  LL  M. 
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From  the  completeness  of  the  real  and  the  complex  fields 

and  the  finiteness  of  dim  E  follows  that  the  space  E  and  the 

space   £ (e)   of  the  endomorphisms  S  are  complete  with  respect 

to  the  norms  just  defined.  This  means  that  from  II  x^       -  x  /I ->  0 

follows  the  existence  of  an  x  such  that  0  x  -  x  1/  — >  0  and  that 

n 

from   II  Sa  -  Sm  I  — >  0  follows  the  existence  of  an  3  such  that 
11    S  -  S  0  -*o. 

Consider  now  a  series        A.  whose  terms  are  elements 

.     1 

U  =  o  00 

of  B   (E) .   If  the  numerical  series    ^L-  II A  1/    is  convergent, 

1  =  0       i 

then   51  A.   is  said  to  he  absolutely  convergent  and  it  follows 

from  the  completeness  of   o  (E),  just  as  in  ordinary  analysis, 

n 

that  there  exists   S  e  £  (e)   such  that   /I  S  -   ZI  A.  ||  — >  0 

<:  =  <?  1 

as  n  ~>  00  .        if  this  is  the  case,    21  A.  ,  is  said  to  he  con- 
vergent and  S  is  called  its  sum.  In  particular  we  have  then  for 
every  vector  x  €z  E  by  (4.18.2) 

CO 

Yi    k.X     =  Sx. 
t=0   1 

Just  as  in  ordinary  analysis,  the  sum  of  an  absolutely  con- 
vergent series  is  independent  of  the  order  of  the  terms  and  two 
absolutely  convergent  series  can  be  multiplied  term  by  term.  Since 


Z  h1**1  <  £  £MI* 


1-0  n.  =0 

oO 

V  i_  >." 

is  convergent,  the  series  £-   n,    A       with  which  we  have  defined 

A 
e   in  ^.1  is  absolutely  convergent. 

These  and  similar  considerations  justify  all  the  operations 

°A 
performed  in  4.1  on  the  series  eJ  ,  in  particular  the  differentia- 
tions of  arbitrary  order  with  respect  to  the  parameter  s. 

More  generally,  let  S  be  a  finite  dimensional  algebra 


-  187  - 

over  the  real  field.    A  set   M  C  E  is  called  idempotent 
if  x  6  M;  y  £:  M  implies  xy  ^  M,  or  in  other  words  if  MM  C  M. 
If  M  is  any  convex,  symmetric,  absorbing,  expelling  and 
idempotent  set  in  E,  we  can  for  any  x£E  define   II  x  II   as  a 
greatest  lower  hound,  as  ahove.  This  norm  will  have  the  proper- 
ties l)  -  3)  and  also  the  further  property. 

h)         II    xyll    ^       ||  x||     .      ||   y||     . 

If,  for  esamnle,  for  an  element  c  —  ZIc  eA  of  a  Clifford 
'  '  X  A  A 

algehra  we  put   |  c  |  =•  ZJcA  \,    then  the  set  of  all  elements  with 
lc  I  ^  1   forms  a  set   M  of  the  above  type. 

Having  defined  this  norm,  we  can  consider  absolutely  con- 
vergent series  in  E  and  in  particular  we  can  define  the  exponential 

x  sF 

e   for  any  x  GS.  By  this  the  introduction  of  e    in  section 

4.11  is  fully  justified. 
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